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Abstract 

The purpose is to study systems of interacting particles, in the 
General Relativity context, by the principle of least action, using 
purely classical concepts. The particles are described by a state ten- 
sor, accounting for the kinematic part (rotation) using a Clifford al- 
gebra, and the interaction part (charges). The force fields, including 
gravitation and other forces, are described by connections on princi- 
pal bundles. A solution has been found to account in the lagrangian 
for individual, pointlike, particles. The constraints induced by the 
equivariance (gauge) and covariance are reviewed. Modified Lagrange 
equations are written for general lagrangians. A model, based on 
scalar products, Dirac operator and chirality is studied in more details. 
Problems related to symmetries, including the Higgs mechanism, are 
introduced. 

With a comprehensive coverage of topics, and the purpose of find- 
ing a physical meaning to the mathematical tools used, it can be a 
useful pedagogical study. But it opens also some new paths. 
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The principle of least action has been the workhorse of theoretical physics 
for decades. Both its high versatility and prodigious efficiency largely make 
up for the weakness of its foundations. In its many implementations two 
different paths can be broadly discerned. The classical approach (in new- 
tonian or relativistic geometry) encompasses mechanics and the theory of 
fields, and provides sound basis to statistical mechanics and thermodynam- 
ics. There are many ways to address the lagrangian specification (Morrison 
[19 ], Soper [24]), but the key is to proceed quickly to the phase space, en- 
dowed with a symplectic structure, where all the mathematical tools can be 
efficiently deployed (Hofer [9]). The various Einstein- Vlasov equations are an 
example of this approach (Choquet-Bruhat [3]). On the other hand quan- 
tum mechanics and the quantum theory of fields make also an intensive use 
of the principle of least action, as an hamiltonian or lagrangian is required 
as starting point. The two main differences are that the distinction between 
particles (matter fields) and "force fields" (bosonic fields) is blurred, and that 
the basic axioms of quantum mechanics (such as summed up by Weinberg 
[30]) and the Wigner theorem open the way to a more direct analysis of the 
equations. It is the only theory that gives us some predictions for the phys- 
ical characteristics of the particles and how they change but, if there is no 
need to aknowledge its power, we are still left with one the biggest enigma of 
modern physics : "Where does the first quantization come from ?". As both 
the classical and quantum approaches lead, through Poisson brackets and the 
likes, to Banach algebras, one way to answer this question is to circumvent 
the principle of least action and go straight to C*-algebra. It is roughly what 
is attempted with the algebraic quantum field theory (Halvorson [8]). One 
issue is that in the simplest of physical system (1 spinless particle) the set 
of observables is not a C*-algebra...and anyway one is still far away from 
understanding the axioms of quantum physics. 

So, whatever one's personal philosophical belief about "realism in physics" , 
it seems useful to pursue further the classical approach with the principle of 
least action. All the more so that decades of hard labour and progresses in 
mathematics have brought to us new schemes, such as the Yang-Mills de- 
scription of the fields, and powerful tools such as fiber bundle or Clifford 
algebra. It is the main objective of this paper : check if it is possible to 
build a useful and comprehensive model of particles interacting with fields, 
in a purely classical way, using the tools of to day (or at least yesterday), 
hoping to get some hint at the meaning of quantum physics. Much work 
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has already been done about the mathematical foundations of a "modern" 
classical theory of fields (Giachetta [5]) but 1 want to focus here on putting 
together the ingredients to get the full picture of a physical system. 
To be useful and comprehensive the model should : 

- adopt the geometry of General Relativity, without any exotic feature 
(no extra dimension) 

- describe the kinematic (meaning here rotation and any other self cen- 
tered geometric movements), the dynamic (meaning here displacement in 
space-time) and the physical characteristics (such as mass and charge) of the 
particles, prior to any quantization 

- include gravitation and "other" forces, seen separately (no "GUT" in 
stock) and treated as gauge fields in a Yang-Mills formalism 

- stay at the "laboratory level" (no cosmology). 

As much as possible the different mathematical objects and hypothesis 
should be clearly defined and related to physical or experimental procedures 
that could be used to get numerical values of the variables. 

Two difficulties arise : 

- The "point particle" issue : the need to manage simultaneously force 
fields and matter fields raises some mathematical difficulties which should 
not be discarded lightly. I overcome them with an adaptated Green function 
in what seems to be a new solution. However the self-radiation reaction issue 
(Poisson [21], Quinn [22]), which is more about solving the equations, has 
been kept out of the scope of the paper. 

- The metric issue : the formalism of fiber bundle does not fit well with the 
traditional treatment of gravitation based upon the metric. Furthermore, as 
we will see, the connexion should not be torsion free. So I stay firmly in the 
scheme of fiber bundle and connection, expressed in the tetrads formalism, 
and the metric tensor is seen as a by-product of the orthonormal basis. 

The first part gives the description of the geometric model (a gaussian nor- 
mal coordinates system), the kinematic model (a representation of a Clifford 
algebra) , the physical characteristics of the particles (through the represen- 
tation of a unidentifed compact group U) ,the associated tensor bundle of 
their "state", and the covariant derivative. 

The second part starts with a description of the configuration bundle and 
gives a solution to the treatment of individually interacting particles. Then 
it addresses the lagrangian issues : gauge invariance and general covariance, 
and sets up the most general constraints on a lagrangian. 

The procedures to solve the variational problem are reviewed in the third 
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part, from the general fiber bundle and the functional derivative formalisms, 
the equations arc listed and the Noethcr currents for gravitation and the 
other fields are evidenced with their super-potentials. The definitions and 
properties of the energy momentum tensor are reviewed including a "super- 
conservation law" . 

In the fourth part the scheme is implemented in a simple, but quite gen- 
eral, model. It requires the definition of scalar products on the fiber bundles, 
of the Dirac operator, and the introduction of chirality, which enables to fur- 
ther specify the representation spaces in the vector bundles. A lagrangian is 
specified. In this simplified, but still comprehensive, model the Noether cur- 
rents lead to moments (linear and angular momentum, charge and "magnetic 
momentum") which characterize the particles. The gravitational connection 
has an explicit and simple formulation from the structure coefficients and the 
moments, showing that the connection will not usually be torsion free. 

Symmetries are reviewed in the fifth part : the CPT problem has a simple 
explanation. Spatial symmetries (spin particles) induce a strong dependance 
of the state of the particles upon the 3 parameters defining a spatial ro- 
tation, and its "paradoxical" properties are evidenced. Physical symmetries 
(involving the group U) are studied first as defining families of particles, then 
through the breakdown of symmetries in the Higgs mechanism. 

In the final part the model is implemented to do the junction with general 
relativity and electromagnetism. 

Overall the paper shows most of the fundamental concepts of field theory 
in a consistent and comprehensive scheme, and in a fully classical picture. 
Implementing all the tools which are now common in theoretical physics, it 
should be a useful pedagogical instrument. This paper requires a common 
knowledge of the principles of fiber bundles, connections and Lie groups. As 
often as possible the basic definitions are recalled. Some calculations are a 
bit cumbersome, but I feel better to follow a simple if lengthy path than to 
risk shortcuts which would require sophisticated mathematical concepts. 

As such the model can be a good starting point to investigate further 
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Part I 

FOUNDATIONS 

Our aim is to build a model describing a system of N-particles interacting 
with gravitation and other forces fields. The first key word is "system". In 
physics it has great implications : it means that the particles can be iden- 
tified, their trajectories and properties measured and followed up for some 
time, by observers who are networked in order to get a full picture of what is 
happening. Perhaps some people would object that it is an impossible task 
from the quantum point of view, but in classical physics, where we stand, it 
is a sensible one, and any scientist should start by defining what it means by 
the "system" that he (or she) is modelling. So the system is supposed to be 
included in a not too big region of the universe (that excludes cosmology), 
clearly defined in space and time (no infinities, but large enough so that it 
can be considered as isolated from external interactions), inhabited by par- 
ticles (which, as usual, are physical objects without any internal strucures 
involved - no scale is implied), gravitation and "other" forces fields (electro- 
magntic and the likes). A single, or a network, of observers has defined a 
map and frames to measure all geometric quantities (such as position, speed 
and angular momentum) and procedures to measure the physical quantities 
such as charge and fields. It is clear that the second are deduced from the 
first using some test particles or fields. 

The first step is so to define the geometric part of the model. 

1 GEOMETRY 

The geometry is that of general relativity : the space-time universe is a 
smooth connected Hausdorff manifold M endowed with a metric g which has 

the signature - -|— I— I- or H . The signature is not a trivial issue as we shall 

see. I will use the less conventional, but here more convenient (and more 
natural), - -|- -|- -|- signature. 

In general relativity it is traditional to take g as a starting point. With 
the additional hypothesis that matter particles have a constant 4-velocity 
equal to -1 (with the - + + + signature) and photons a null 4-velocity one 
can build a causal structure of events over M which, with some generally 
accepted assumptions (called hyperbolicity) , leads for M to the structure of 
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a trivial fiber bundle SxR where S is a 3-dimensional space-like hypersurface 
(a Cauchy surface) (Wald [29]). 

Another way is to start from a bundle of orthonormal bases (the tetrads). 
The key ingredient is a principal fiber bundle Om modelled on the connected 
component of the identity 500(3, 1) of the Lorentz group S0(3,l). Local triv- 
ializations charts are maps : : M x SOq (3, 1) — ?■ Om- From it one builds 
an associated vector bundle Gm = Om x sOo{3,i) using the standard rep- 
resentation [R^,]) of S0(3,l). The orthonormal bases di (m) are the images 

of the canonical base Ei of : {(po {m, 1) , Si) ^ (^Lp^ (m, h~^) ,j {h)^ Sj^ but 

with a Lorentz metric and are defined with respect to an holonomic frame 
by a matrix [O] G G'L(4) : di (m) = Of da- The vector do defines a time 
like distribution T(0) and the 3 vectors (9i, (92,(93 a space-like distribution 
S(0). Together they define a metric gap = rj^^OfOj with which the basis is 
orthonormal. If this strucure has a physical meaning, the distributions are 
integrable over M and define a foliation of M by the hypersurfaces orthogonal 
to T, and we get back the previous topology with hyperbolicity. The neces- 
sary and sufficient condition for that is that the 1-form 0^dm°' is closed. If M 
is simply connected then there is a scalar map N{m) : Og (im° = (daN) dm" 
0which gives a unique time to a point in the universe. 

This second approach seems a bit abstract. But actually it is closer 
to the way an observer can see the structure of the universe. Indeed it is 
not sufficient to define mathematical objects : we should also give some 
procedure, however farfetched, to link them to physical measurements. 

1.1 Building a chart 

A point in the universe is situated by 4 components, and we need to build 
a map : — )■ M. It is easier as we have limited the system in a "not too 
big" region of M. This map is a classical "gaussian" chart. We recall how it 
works. 

1) The starting point is a connected space-like hypersurface S(0) : it rep- 
resents the "present" of an observer at the time t=0. The induced metric 
upon S(0) is riemanian. Over each point x of S(0) there is a unique unitary 
future oriented vector n(x) normal to S(0) and in a neighbourood of x there 
is a unique geodesic tangent to n(x) . So we can define a family of geodesies 

will usually use the Einstein indices summation convention 



7 



7 {x, t) going through x and tangent to n(x) and a vector field n(m) in each 
point m in the future of S(0). This vector field is the infinitesimal generator 
of diffeomorphisms from x G S{0) to m = exptn{x) which for each t > 
maps S(0) in a hypersurface S(t), the set of points in M for which the time 
coordinate is t. Let us prove that the vector field n(m) is orthonormal to 
S(t). 

Let di{x,0),i = 1,2,3 be a set of othonormal bases in S(0) and an 
arbitrary holonomic basis da {itl) G TmM. The derivative (exptn(a:)) maps 
the basis di {x, 0) in a basis (exp is a diffeomorphism) di {x, t) = Of da of 
Tm{t)S{t) in m(t)=exptn(x). Let (t) = ga/3{m{t))n'' {m{t)) {x,t) be the 
scalar product between n(m(t)) and {x,t) with the metric g(m(t)) and V 
the covariant derivative on M. 

We have : 

|0 {t) = (m (t)) Va0 (t) = n^Va [gfi^n^O]) 
but : 

n'^'W a^^ = because n(m) is tangent to a geodesic 

n"Va07 — O'fV a^^ because the vectors n et di are linearly independants 

f^(t){t)=dfgp^nPVan^ 

= Of i [gpyVaW^ + g^pn"^an^) 

— Of |Va [g^^n^'n?^ — because gp^n^n' — —1 

So the scalar product ga^iiTT'i't))^'^ {rn{t)) Of {x^t) is constant over m(t), 
it is null in t=0, and the vectors di{x,t) are orthogonal with n and n is 
orthogonal with S(t).B 



2) We can run in two troubles in the process. The geodesies may not be 
complete: they start or stop in some finite time. It is a singularity in the 
universe. Or the geodesies may cross each other. It is another singularity 
(which always exist : see Wald [29 ] chapt.9). But if we limit our system to a 
non-exotic region (without black-hole) and a sensible time period [0, T] (no 
"big bang" ) we should not run into such troubles. So we can define our system 
as enclosed in a region Q C M generated by exptn(x) from an open domain 
fl (0) with compact closure in S(0). Q is a connected 4-dimensional manifold, 
relatively compact and geodesically complete. With the trivialization map 
(fici : fl (0) X [0,T] ^ fl :: m = (fifi (y, t) it has also the structure of a trivial 
fiber bundle with base R"*". 
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3) How could wc experimentally build such a chart ? A good example 
is given by the GPS system (Ashby [1]). Spatial coordinates in S(0) can 
be measured by any conventional method, such as electromagnetic signals if 
one assume that light travels at constant speed. Notice that events occuring 
in S(0) cannot be reported "hve" so a co-ordinated network of observers is 
required. A (not too big) "free body", which stays still without any other 
force than gravitation, travels on a geodesic. To be sure to stay on a geodesic, 
or more generally to know how much he deviates from a geodesic, an observer 
can follow the movements of a free body in his local frame : it can be done 
with accelerometers (as in the IPhone). 

4) Notice that the "time" t is just a coordinate, wich is measured by coor- 
dinated clocks by each observer. 

1.2 The system 

The initial conditions are defined by their values over S(0). Let us check that 
the set of particles is well defined. They travel on their world-line m with a 
proper time r specific to each of them, defined within an additive constant. 
We assume that is large enough so that any particle entering the system 
will stay within (or disappear). Q is a fiber bundle with base R so for each 
point m (r) there is one unique time tu — T^im (r)) . The 4- velocity u of the 
particle is a time-like, future oriented vector (it is a matter particle) so it is 
projected over R by a positive scalar : = tt' (m (r)) ^ = tt' (m (r)) m > 
and the map tu (t) is one-to-one. If a particle is observed at some time t>0 
it can be observed (short to disapear entirely) at any other time. This seems 
obvious but has a strong consequence in the relativistic context. 

We will assume that the system is closed, in that there is no interaction 
from outside. 

1.3 The principal bundle 

Any physical quantity is eventually measured through changes in tensorial 
quantities in some vector bundle over M. So we need a procedure to define 
local frames at each point of M. 

1) It comes naturally from the chart : in each point x & S (Qi) the local 
observer chooses an orthonormal (euclidean) frame ((?i)j=i 2 3 ■ "^^^ fourth 
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vector do (x) — n{x) is parallel to the 4- velocity of the observer. The frame 
is parallel transported along the geodesic (so it stays orthonormal), to get at 
each m G r2 a standard frame di = O (wi)" da from which the local observer 
can deduce, in a knowledgeable way, its own local frame. The parallel trans- 
port being continuous the orientation is preserved : the bases have the same 
spatial and time orientation which is defined as direct. Experimentally the 
parallel transport is done by checking the movements of a test body (such as 
a gyroscop) in a local transported frame. 

2) The mathematical objects are : the principal fiber bundle Om ,base 
Q, modelled over SOq (3, 1) , with trivialization charts : (fo : fix SOo (3, 1) 

Om 

the associated vector bundle Gm '■ Gm = OyXsoo(3,i)R'^ with the standard 
representation {R^,j) of S0(3,l) 

the local orthonormal basis {di)-^^ 3 : di (m) = Of 9q, 

Notation 1 ; 

The greek letters will always refer to an holonomic basis (9q,)^^q 3 , with 
an arbitrary chart, unless otherwise specified 

The latin letters i,j,... will refer to the non holonomic orthonormal basis 
9, = 0(m)fa,. 1=0,1,2,3 

The latin letters a,b,..p,q will refer to bases of Lie algebras 

Whenever necessary matrices are enclosed in backets : [O] — [O]" , [O'] — 

[o]-' = [O't 

The dual holonomic basis is denoted : dx'^ : dx"" {dp) = 
The dual non holonomic basis is denoted: 9* : [dj] = 5] 
The fundamental form is : © = Ylij ® ^3 
The matrix (indexed over 0,1,2,3): 

-1 0" 
10 

10 
1_ 

The set of sections on a fiber bundle Gm will be denoted AqCm, the set 
of vector fields over a manifold M is AqTM and the set of r-forms over M is 
ArTM*. 
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1.4 Gauge equivariance 

The principle of relativity says that the laws of physics do not depend on 
the observer : if two observers study the same system, using different sets of 
frames (or gauge), their measurements can be deduced using the mathemati- 
cal relations transforming one set of frame into the other. This is the practical 
meaning of the gauge equivariance. Let us see what can be transformed in 
the model. 

1) The gaussian chart <^n '■ (0) x [0,T] — >■ Q, ,the trivializations (po : 
Q X 5*00(3, 1) — 7> Om and the frames di (m) are experimental constructions. 
But from them any observer can choose other charts or frames, following 
procedures and rules which can be made known to any other observer, so 
that they can compare their data. 

2) In the theory of fields, quantum or classical, it is generally assumed that 
the law of physics are local (if the entanglement of particles has questionned 
this point, all gauge theories are local). It follows that all physical quantities 
defined over M take the mathematical form of sections of a bundle associated 
with Om- So all physical quantities which can be expressed as tensor must 
belong to some vector bundle, modelled over a vector space which is a repre- 
sentation of the group defining the geometry, here S0(3,l). This is a useful 
but very general presciption, as there are infinitely many representations of 
the same group and not all have a physical meaning. 

3) The frames are parallel transported, so their transformations must be 
continuous and the orientation preserved. But one can consider a global tran- 
formation, involving the other connected components of S0(3,l). They are 
defined with one of the 3 matrices : 





■-1 





0" 




'10 


" 






"-1 











1 






1 


;P = 


0-10 
00-1 






]PT-- 




0-10 
0-1 














1 




000 


-1 









-1 


The frame 


is 


transformed according to 




(m) = 


Jfdi (m) with [J] 





T, P, PT. 
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P is the " space-inversion" matrix : it reverses the orientation of the space 
frame (it can be done by using another orientation on S(0)). T is the "time- 
reversal" matrix : it changes t in -t in the equations (the time is measured 
from to -oo). Experiments show that they are not physically admissible 
gauge transformations. In both cases the orientation of the space-time is re- 
versed : so it leads to the conclusion that the 4 dimensional physical universe 
is oriented. 

The third matrix reverse space and time orientations, but preserves the 
space-time orientation. Experiments show that this is an admissible trans- 
formation if simultaneously particles are changed into antiparticles (the " C" 
symmetry). We will come back to these matters in the fifth part. 

4) Another open choice is the signature of the metric : at first there is no 

physical justification for using - + + + orH .The linear groups S0(l,3) 

and SO (3,1) are identical, but manifolds equipped with one or the other 
metric are not isometric, and the Chfford algebra Cl(3,l) and Cl(l,3) are not 
isomorphic. 

5) The choice of the Cauchy hypersurface S(0) is crucial : another surface 
defines another system, with possibly different particles and fields. 

6) The model can be easily transposed to Special Relativity and Gahlean 
Geometry. 

In Special Relativity the geodesies are straigth lines, S(t) are hyperplanes, 
observers are inertial with constant 4-velocity u. The choice of the system is 
the choice of an hyperplane plane S(0) and its unitary future oriented normal 
u, and it fully determines the physical content of the system. The gauge 
group is the restricted Poincare group, the semi-product of the orthochronous 
Lorentz group (the component of the identity of S0(3,l)) and the group of 
translations in the Minkovski space. The time t is just a coordinate, without 
specific meaning. 

In Galilean geometry the universe can be viewed as a 4-dimensional affine 
space. The hypersurfaces S(t) are parallel and there is only one 4-dimensional 
velocity. Time becomes a physical, independant variable, identical for all 

the observers, defined within an affine similitude. The gauges groups are 
on one hand the semi direct product of SO (3), the group of rotations in 
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3-dimensional space, and of the group of translations in the 3-dimensional 
affine space, and on the other hand the group of simihtudes in time. 

2 PARTICLES 

A particle is a point-like physical object moving along a world line with a 
constant, future oriented, 4-dimensional velocity. Experience shows that, 
besides any specific assumption about their "internal" structure, particles 
come with "states" depending on: 

- how they "rotate" around their center mass in the universe : we will 
call these movements the kinematic part of the state 

- how they behave when interacting with force fields : mass, charge,. ..We 
will call these their " physical characteristics" . 

These characteristics are modelled independantly. As wc are in the classi- 
cal picture they are not quantized, so there is no need to distinguish different 
kinds of particles. 

2.1 Kinematic 

The most efficient way to model the kinematic part is by using a Clifford al- 
gebra (Lasenby [17]) which gives a natural foundation for all kinds of spinors. 

2.1.1 Clifford Algebra 

1) Let F be a real vector space endowed with a symetric bilinear non de- 
generated function () valued in the field K. The Chfford algebra C1(F,()) 
and the canonical map z : F — > Cl{F, ()) are defined by the following uni- 
versal property : for any associative algebra A with unit 1 and linear map 

f : F ^ A such that : 

\/v e F : f (v) X f (v) = {v, v) X 1 
^f{v)xf{w) + f (w) xf{v)=2 {v, w)) X 1 

there exists a unique algebra morphism : (p : Cl{F, {)) ^ A such that 

f ^cpoi 

It always exists a Clifford algebra, isomorphic, as algebra, to the exterior 
algebra AF. Its internal product, noted by a dot • is such that : 
\/v, w&F: v-w + w- v — 2{v,w) 
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The Clifford algebra includes the scalar K and the vectors F. As vector 
space its bases can be taken as ordered products of vectors of an orthonormal 
basis (with () ) of F and it has the dimension 2*^^™^. 

2) Chfford algebras built over the same vector space F are isomorphic if and 
only if the bilinear functions have the same signature. So Cl(3,l), Cl(l,3) 
over R^,C/(4,C) over C^.are not isomorphic. CZ(4,C) is the complexified 
algebra of both Cl(3,l) and Cl(l,3). 

Let (£i)j=Q 3 the canonical basis of (and C"^ with complex components). 
In this basis an element of the Clifford algebra is written : 

w = s+xiei+X2e2+X3£3+xoeo+y3£r£2+y2£r£3+yi£2-£3+ziereo+Z2e2-eo 

+Zs£2 ■ £o + ^0^1 ■ ^2 ■ £^3+^3^1 ' £2-£^0 + ^2£l ' £3 • £o + ^1^2 ' ^3 ' Eq + UEi • £2 " £3 " ^0 

{s,Xj,yj,tj,u) e K{= R,C) 

but the internal product follows the fundamental relations which differ 
according to the scalar product : 
C1(4,C) : Si ■ £j + £j ■ £i = 25ij 
Cl(3,l) : £i ■ £j + £j ■ £i = 2r]ij 
Cl(l,3) : £i ■ £j + £j ■ £i = -2r]ij 

3) Let N be endowed with the bilinear function of signature - + H — h 
and T : N ^ CL{A, C) the linear map defined by : 

j = 1, 2, 3 : f {£j) = £j- T (£0) = iso 
The vectors v,v' in N read : 

V ^ Xi£i + X2£2 + X'i£'i + Xq£q, v' = x'-^£i + x'2£2 + x'^S^ + x'q£q 

and : 

T {v) = Xi£i + X2£2 + X3£3 + iXoEo 
T {v') = x[£i + X2£2 + x'^£3 + ix^Eo 

It is easy to check that : 

T{v)-T {v') + T {v') ■T{v)=2 {xix[ + + xsx'g - xqx'q) = 2 {v, v')^ 
So by the universal property of Clifford algebras there is a unique mor- 
phism T : Cl{3, 1) — )■ C/(4, C) such that T = T o z where i is the canonical 
map I : N ^ Cl{3, 1). The function T is not on-to : the image T (C/(3, 1)) 
is a sub-algebra Clc(3,l) in C1(4,C) with elements : 

W ^ S + Xi£i + X2£2 + X3£3 + IXqEq + y3£l-£2 + y2£l-£3 + yi£2-£3 + iZiEi-Eo + 

iz2£2-£o + iz3e3.eo 

+t4£i-£2-£3 + it3ei.e2-£o + it2£i.£3-£o + itiS2-£3-£o + iuei.e2.£3-£o 
where the components s,u,... are real. 
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We will identify i{N) C Cl{3A) with N and T = T o i with T. 

There is a similar result with N', endowed with the bilinear func- 
tion of signature + - - - and the map T' (ej) = iej;T' (eo) = Eq- The 
subalgebra T'(C/(1,3)) = C/c(l,3) 7^ C/c (3,1) but the two algebra have 
common elements such as ie^ ■ Eq. One goes, inside C1(4,C), from images 
of Cl(3,l) to images of Cl(l,3) by the rule : T' (sj) — —irj^^T (sj) with 
jyoo = > : T]^^ = 1 

2.1.2 Spin Group 

1) The involution v — )■ —v on the vector space is extended in an involution 
a in the Clifford algebra. For homogeneous elements : a {vi, ■ V2-- ■ Vr) = 
{—lY{vi-V2---Vr)- It follows that the set of the elements of the Clifford 
algebra which are the sum of homogeneous elements which are themselves 
product of an even number of vectors is a subalgebra CIq. The complement 
vector space denoted Cli is not a subalgebra. There is another involution : 
the transposition which acts on homogeneous elements by : {vi ■ V2--- ■ Vrf ~ 

{Vr ■ Vr-1... ■ Vi) . 

2) In Clifford algebra any element which is the product of non null norm 
vectors has an inverse : 

k 

{Wi • ... • Wfc)"^ = a {{Wi • ... • WkY) {Wr, Wr) 

r=l 

The Spin group of a Clifford algebra is the subset of CIq of elements 
which are the sum of an even product of vectors with norm +1. We will 
denote Spin(3,l) the connected component of the identity of the spin group 
of Cl(3,l) : 

Spin{3, 1) = { E ^1 ■ ■ W2k ■ wi e N : {wi, Wi) ^ = 1} 

It is isomorphic to SL(2,C). Its identity is denoted 1. 

3) As a group Spin(3,l) has a linear representation (C/(3, 1), Ad) through 
the adjoint operator (denoted here in bold case to make the difference with 
the function Ad which is introduced below) : 

Ad : Sptn{3, 1) ^ hom(C/(3, 1); Cl{3, 1)) :: Ad (s) w = s ■ w ■ s'^ 
which has the properties that the image a vector is still a vector and that 
it preserves the scalar product : 

t;, w e C CZ(3, 1) : Ad (s) v e {v, w) = (Ad (s) v, Ad (s) w) 
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Spin(3.1) is the universal covering group of the connected component of 
S0(3,l) with the double cover : fi : Spin(3, 1) — > SO q (3, 1) :: fi (±s) = g 

So (C/(3, 1), Ad o ^^1) is a linear representation of S0o(3,l) on Cl(3,l) 
(as a vector space) and {R^jj o /x) is a linear representation of Spin(3,l) on 

yv e : Ad{s) V ^ s ■ V ■ s-^ ^ [\ (/x (s))] v 

4) The operator ad : A ^ L{A; A) on a Lie algebra is defined by ad {X) [Y) — 
[X, Y] , and if A is the Lie algebra of the Lie group G the operator A : G ^ 
L{A; A) is defined by Ad (exp A) = exp {ad (A)) (Knapp [12] p.80). One has 
the identity : 

g e G,X e A : g{expX)g~^ = exp(^dg(A)). The couple (A,Ad) is the 
adjoint representation of G. 

A linear representation {F, p) of a Lie group G induces a linear represen- 
tation (F, p' (1)) of its Lie algebra A : 

VA, y e A : p' (1) ([A, y] J = [p' (i) a, p' (i) y\ = (p' (i) a) o {p' (i) y) - 
(p'(i)r)o(p'(i)A) 

and p' (1) A = ^p (exp,^ rA) |^=o where exp is defined over G (as a man- 
ifold) and A. If G is a group of matrices then exp can be computed as the 
exponential of matrices. 

Spin(3,l) being the covering group of S01(3,l) they share the same Lie 
algebra o(3,l) and : 

VA G o(3, 1), s G 5pm(3, 1) : Ad^X = Ad^^s)X = exp {ad (A)) 

To sum up we have the following representations of Lie groups and Lie 
algebra : 

SO (3, 1) : (o(3, 1), Ad) o(3, 1) : (o(3, 1), ad) 
S0{3, 1) : (M^J) ^ o(3. 1) : {R",j'{l)) 
Spin{3, 1) : {R\jo p) ^ o(3, 1) : (R^y o p'(l)) 
Spin{3, 1) : {Cl{3, 1), Ad) ^ o(3, 1) : (C/(3, 1), Ad' (1)) 
50o(3, 1) : (C/(3, l),Adop-i) 

5) A great advantage of Clifford algebra is that vectors, groups and Lie 
algebra can be expressed as sum of products of vectors. This is the case for 
the algebra o(3,l), which is characterized by the brackets relations : 

[l^i, ~f^j] = (. {i,j, k) it k 
[lti+3, Kj+3] = -e {i,j, k) itk 
[iti, itj+s] = e {i, j, k) itk+s 
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where the indexes i,j,k run over 1,2,3 and e A;) = is two indexes are 
equal, and equal to the signature of (i,j,k) if not. In its standard representa- 
tion the 6 following matrices are a basis for o(3,l): 
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1 














1 


-1 
















1 














-1 


























'o 


1 





0" 








"0 





1 


0" 






"0 








1" 








1 




















; [i^b] = 
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; [i^e] = 
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Then their image in Cl(3,l) by j : o(3, 1) — )■ Cl{3, 1) are the following: 

jC^i) = ^3 • £2; J ("^2) = ■ £3; J ("^3) = 1^2 • 

J ("^4) = • £1; J ("^5) = 2^0 • £2; J C^e) = 2^0 • £3; 

One can write : j ("/^a) — \^pa ' ^ga with the following table : 

TABLE 1 : 
a 1 2 3 4 5 6 

Pa 3 1 2 

2 3 1 1 2 3 

and it is easy to check that : 

Spin(3,l) acts on the vectors (in Cl(3,l)) by Ad and the result is such 
that : 

Vv G : Ad (s) V = s.v.s^^ = j o fi[s)v 

where j o (s) is expressed as a matrix j o (s) belonging to the standard 
representation of SO (3,1). 

An element of Spin(3,l) is the sum of the products of an even number of 
vectors with norm 1 : 

Vk = ViEi + ^2^2 + VsEs + VoEo, Va & R 

{vk, Vk) =vl + v^ + vl-v^^l 

Direct computation gives an expression : 
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S = T + ¥36182 + ¥28183 + ¥18283 + ZiEqEi + ^250^2 + 238083 + U eo£i£2e?, 
with real coefficients, wfiicfi are not independant (tliere are only 6 degrees of 
freedom) . 

Let it = ^"'ita be a fixed vector in o(3,l), with components k,"" in a 
base it a, r e R and s (r) = expT"^^ . We have : 

expr"^ = T + ¥38162 + ¥26163 + ¥16283 + Zi8q8i + Z28Q82 + Z38Q83 + 
U6Q616263 with T (tk) , Fj (tk) , Zi {tk) , U {tk) . 

differentiation in r = gives : 

i (exprli) \r=o 

= '^"i^ (1) + '^"^-y^ (1) ^1^2 + ««il2 (1) £l£3 

+'^" (1) ^2^3 + «;"at^l (1) ^OSI + K^£;Z2 (1) 8082 
+«'^^Z3 (1) £o£3 + I^^^U (1) £o£l£2£3 

which can be written : 

K= j {it) = t+y38i82+y2£l£3+yi£2S3 + Zl8o8i + Z28o82 + Z38o83+U8o8i8283 

where : 

t = Ea ^""^T (1) , = Za ^""^Y, (1) , = Za ^""^Z, (1) , 

are the components of an element of o(3,l) expressed in the base of 
Cl(3,l). 

On the other hand the differentiation of : 

Ad (exp T~^) V = (exp rlt) ■ v ■ (exp rlt) ^ = [j o (exp rlt)] v 
gives : (Ad' (1) it) v = k- v — v-k = \j' {1) h' {l)lt] {v) = [k\ v 
where [k\ — [j'{l)fj,'{l)lt] is the matrix representing it in the standard 
representation. 

Expressing k as above and v as v = Vi8i + V282 + V383 + Vo8o we get : 

K-V -V ■ K = J2kl['^t^l^k 

= (-2) {{-vqZi - V3y2 - V2y3) £1 + (vm - V3yi - V0Z2) 82 
+ {vm + V2yi - VQZ3) 63 - {viZi + V2Z2 - V3Z3) 60} 
+ (2) u {{vq) 818283 + {V3) 808x82 - {V2) £o£i£3 + {v\) £o£2£3) 
^ M = 





" 


-Zl 


-Z2 


-z-i 




^^0 


2) 







-1/3 


-V2 




Vl 


-Z2 


1/3 





-yi 




V2 




-zz 


1/2 


yi 







V3 



where [ko] = [j'{l)fi'{l)lta] 

Ea '^'^ i^o] = (-2) {-Zl [k^ - Z2 [K5] - Z3 [kq] + yi [ki] - 7/2 [/«2] + Z/3 [fis]) 
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= Ea'^'^[y(iy(i)^j 

By identifying with k = Xla '^"'^a = y3^i^2 + 1/2^1^3 + yi^2^3 + ^^i^o^i + 
-22^0^2 + -23^0^3 get the expected expression of a basis of a 6-dimensional 
space vector in Cl(3,l) which defines the image of o(3,l).B 

6) These results can be extended to the C1(4,C) Chfford algebra and its 
Clc(3,l) subalgebra. The function T : C/(3, 1) — )■ C/(4, C) is an isomorphism, 
so Spin(3,l) has an image Spinc{3, 1) which is a subgroup of Spin(4,C) iso- 
morphic to Spin(3,l). There is a similar construction with Cl(l,3) with the 
function T' : C/(l,3) — )■ 01(4,0) which gives a group Spin(l,3) isomorphic 
to Spin(3,l), and we have Spinas, 1) ^ Spinc{l,S) but the two are also 
isomorphic. 

2.1.3 The spin bundle 

1) Most of the geometric transformations can be described by operations in 
Clifford algebra. Reflections on a plane of normal vector u is just a {u)-v-u^^. 
Rotations can be expressed as the product of reflexions, and indeed this fact 
is at the foundation of the Spin group through the map Ad. Clifford algebras 
give a deep insight at the role of Spin groups to express rotations in physics. 
Rotation of a body around its center mass can be expressed in the local 
frame by the axis j and the angular speed co. For an observer who is at rest 
with the body the couples {j,uj) and {—j, —cu) represent the same rotation. 
But if we think to a network of observers, who have to coordinate their data 
and the two representations are equivalent but not identical : measuring the 
rotation implies moving the local frame (posibly in "the time dimension") 
and the choice between (j, cj) and {—j,—u) matters : the observer must 
choose the orientation of the axis which will be parallel transported. This 
issue is related to the fact that the group SO (3) is not simply connected (as 
well as S0(3,l)) (see Penrose [20] 11.3 for a nice experiment on the subject) . 
The full description of the spatial rotation of a body, in its local environment, 
needs to be done in the Spin(3) group, which is the universal covering group 
of S0(3) (as Spin(3,l) is to 5*00(3,1)). For each g G 5'0o (3, l)there are 2 
members of Spin(3,l) ±s which differ by their sign. 

2) The construction of a Clifford bundle over a manifold endowed with a 
metric occurs naturally. At each point m of the manifold where there is an 
orthonormal basis di (m) one defines the map : (f^'-Mx C/(3, 1) Ol{M) 
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by identifying the generators : di (m) = {m, Ei) . C1(M) is an algebra 
bundle, and the associated vector bundle Gm is identified with the vector 
space part of C1(M). Spin(3,l) acts upon C1(M) by Ad, which, for the vectors, 
results in a change of othonormal base : s x ipc (m, Si) = ipc (m, AdsSi) = 

ipc {m, n {s) Si) = [jofi (s)]^ dj 

3) The construction of a principal fiber bundle Sm modelled over Spin(3,l) 
is more subtle. Starting from the principal fiber bundle O^^ it can can 
be done if there is a spin structure : a map S : Sm Om such that 
S {(fis (m, s)) = ipo {m, /i (s)) such that E {ips (m, s) .s') = E {ips (m, s)) jji {s') 
meaning that one can choose one of the two members +s or -s corresponding 
to an element of SO (3,1) in a consistent and continuous manner over M. There 
are topological obstructions to the existence and unicity of spin structures 
over a manifold (Giachetta [5] 7.2, Svetlichny [25]) but, as our system covers a 
limited, not too exotic, region of M, we can assume that the procedure can be 
implemented to get the principal fiber bundle Sm — {Smj^jT^s, Spin{3, 1)) 
based upon Q with the projection tts : Sm — >■ ^ , local trivialization charts 
ips ■ ^ y< Spin{3, 1) — )> Sm- 

The associated vector bundle Gm can then be extended to an associated 
vector bundle Sm x spin{3,i) -R^ which is still denoted Gm for simplicity. The 
sections di (m) are associated with the identity element I5 of Spin(3,l). 

2.1.4 Representation of Clifford algebra 

1) There are two ways to deal with Chfford algebra. Either directly, us- 
ing the operations of the algebra. Or through a linear representation of the 
algebra, using the fact that Clifford algebra are isomorphic to matrices al- 
gebra. For the computation side the choice is mainly a matter of personal 
preference. But we have here several issues. 

i) The theory of fields, with connexions and variational calculus is, so far, 
not well suited to algebra per se. 

ii) As usual it can be useful to add more physical content to the model. 
It is easier to do it by some specification of the vector space over which the 
algebra is represented (we will see this with chirality). 

iii) There are strong evidences which suggest the use of a complex struc- 
ture, besides the fact that most of the mathematical tools require it. 

iv) Cl(l,3) and Cl(3,l) are not isomorphic : Cl(3,l) is isomorphic to 
the algebra of 4x4 matrices over M, Cl(l,3) to the 2x2 matrices over the 
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quaternions, so if we stay to the pure algebra we need to choose the signature. 

For all these motives the choice done here is to use a representation of 
the Cl(4,C) algebra, the complexified of both Cl(l,3) and Cl(3,l), which is 
isomorphic to the 4x4 matrices over C. This is an irreducible representation 
of C1(4,C). 

2) So the kinematic state of a particle is assumed to be a vector of a 4 
dimensional complex space F, so far unspecified, and (F, p) is a representation 
of C1(4,C), meaning that : 

p: C/(4,C) ^L(F,F) :: 

Vw, w' e C/(4, C),a, P e C : p{w w') ^ p{w) o p {w') 
p {aw + /3w') — ap {w) + ^p {w') . 
By restriction : 

(-F, p) is a representation of the algebra Clc (3, 1) , Clc (1, 3) , and of the 
groups Spin{4:, C), Spiric (3, 1) , SpiUc (1, 3) , 

(F, p o T) , (F, p o T') are representations of the algebra Cl(3,l) and Cl(l,3) 

(F, p o T\spini3,i)) ,{F,po V\spin{i,3)) are complex representations of the 
groups Spin(3,l), Spin(l,3) 

p o T'(s)|s=i : o(3, 1) hom(F; F) is a complex representation of the Lie 
algebra o(3,l) 

3) F being 4 dimensional, in a basis denoted (ej)^^^ p (w) is a 4x4 matrice 
over C fully determined by fixing the matrices — P (sfe) , ^ = 0, ..3 which 
shall meet the relations : 



Sje C^: 7^-= p {Sj) ; 7^ ^Ij+lj x-f~ 25ijl4 (2) 

These matrices are defined up to conjugation by a matrix. It is always 
possible to choose hermitian matrices, so we assume that : 7^ = 7^. As 
7A:7fc = I they are also unitary. 

Remark : these 7 matrices, which will be specified later, are not the 
usual "Dirac matrices", which correspond to a representation of Cl(3,l) (or 
Cl(l,3)). 

4) To the matrices Jilt a) — \sp^ ■ Sq^ representing elements of o(3,l) in 
Cl(3,l) correspond the matrices : 

K] = (p o T)' (1) (j = (p o T)' (1) {\e,^ . 
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T is a linear morphism C/(3, 1) — ?> C/(4, C) : 

(K„ ■ 5 J = IT (s,J . T (5,J 
p is a linear morphism C/(4, C) ^ L [F; F) : 

(|T (£,J • T (£,J) = p (IT (£,J • T (ej) = \p (T (£,J) p (T (e^J) 
with T [sq) — isq, T [sk) — Ek ■ k — 1,2,3 we get : 



['«i]=2^372; [/«2] =27i73; [«;3] =2727i; (3a) 

N = ^i7o7i; N] =^i7o72; N =^i7o73 (3b) 

Notice that the matrices in the standard representation (R^,j) are de- 
noted with a tilde : 

5) An associated vector bundle modelled over F : Sm Xspin(3,i) F can be 
defined if there is a spin structure, and the kinematic state of a particle is a 
represented by a vector of this vector bundle. Spin (3,1) acts over the bundle 
by p o T. 



6) (F, p) is a representation of C1(4,C) so does not depend on the signature 
which is used, and the 7 matrices are the same. But all the items computed 
through T have different value. The basic rule is : T' [sj) — —irj^^T (ej) so 

K] = ip(T'(e,J)pT'(5j = -r/^""f" 

« < 4 : Wal = - , a > 3 : [<] = 

Kinematic states are supposed to be physical objects represented in F. If 
a kinematic state is represented by a vector cp E F with the signature (- + + 
+), it would be represented by 0' = X]t=i —i'U^^'i^Gj with the signature (+ - 
- -)■ 

2.2 Physical characteristics 
2.2.1 Definitions 

1) The interaction beween force fields and particles depend upon some fea- 
tures specific to each kind of particle, such as electric charge. We know that 
these features are quantized, but their quantization in the classical picture, 
and indeed their exact value in any picture, should be the result of the model, 
so I assume that the physical characteristics of a particle are part of its state. 
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and can take a priori a continuum of values, and therefore we do not need 
to distinguish several kind of particles. We know that these characteristics 
can be described in the linear representations of some groups. I will not 
be too specific about the nature of the forces fields, and make the following 
assumptions : 

i) The physical characteristics of a particle can be modelled by a vector 
cr of a complex vector space W 

ii) The couple {W, x) is a linear representation of some group U 

iii) U is a connected compact Lie group 

The last assumption is reasonable and it brings us nice properties : there 
is a scalar product over W, such that the representation is unitary, and any 
unitary representation is the sum of irreducible unitary finite dimensional 
representations which are orthogonal. Such irreducible representations are 
natural candidates to describe different families of particles. So I will assume 
that iv) the representation {W, x) is unitary and W is m-dimensional, but 
not necessarily irreducible. 

Notation 2 : 



The identity in U is denoted : 1(7 or 1 

The Lie algebra of U is denoted TiU . It is a real vector space with basis 
e a) so TiU = le = Xir=i ^ a, G K L Its structure coefficients 
C^^ are real numbers. U being a compact Lie group the exponential map is 
on-to and u G U can be written u = exp ^^^i 6*" 9 a j for some components 

The hermitian scalar product in W is denoted (A(Ji,(T2) = X{ci,a2) 
with an orthonormal basis and the matrices [x (u)] are unitary : 

[X{u)] [X (u)]* = Im 

{W, x' (1)) is a linear representation of the Lie algebra TiU and for each 
9 G TiU the matrix [9] = x' (1) ^ in the basis (/j)^ is antihermitian : 
[9]* = — [9] . The matrices corresponding to the basis 9 „ are denoted [9a] ■ 
There are the relations : 



V 

and 
trices. 



eT,U,TeR:[9]^ x' (1) 9 
exp T 9^ 



X 



exp 



_d_ 

dr 



X 



exp r 9 



can be computed as exponential of ma- 
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3) We will need the complexified T^U = TiU ®iTiU of the Lie algebra, with 
the same basis (but complex components) and the complex extension of the 
bracket. The representation (W^, can be extended to a representation 

(W^, Xc(l)) of T^U by making ^ complex linear map : = 

ix' (1) 9 . But the matrices [9] are antihermitian only if ^ G TiU. 

U being a connected compact Lie group is isomorphic to a linear group (of 
matrices) closed in GL(m) and there is a complex analytic group of matrices 
Uc which admits Tf [/ as Lie algebra. Uc is not unique, but all these groups 
are isomorphic (Knapp [11] 7.12). I will assume that (W, x) can be extended 
to a linear representation (not necessarily unitary) of Uc- It can be done if 
U is simply connected or admits a Cartan decomposition. This is the case 
for the usual groups SU(N), which have su(N) as Lie algebra (which is a real 
algebra) and SL(N,C) and sl(N,C) as complexified structures. 

2.2.2 The bundle of particles states 

The state of a particle is described in the tensor product E — F ®W.lt \s di, 
tensor V = EJ=i E^i ^'^e^ ® fj. 

We need a geometric structure over M bearing this representation. 

1) We have the principal fiber bundle Sm ■ We assume that there is a 
principal bundle Um over M modelled over the group U. These two fiber 
bundles are manifolds, so we can, starting from one or the other, define the 
fiber bundle Qm, with base M, typical fiber Spin(3,l)xU and trivializations : 

q = ipQ (m, (s, u)) X (s', v) (fq (m, {ss', uv)) 

(fiQ (m, {Ispin, u)) , ifQ (m, (s, 1g)) are trivializations of Um, Sm and the 
bundles Sm, Um can be seen as sub- bundles of the principal bundle Qm- 
We denote the section q (m) = ifq (m, Ispin x 1g) G ^qQm 

2) We define the action of Cl(3,l)xU on FxW by : 
(0, a) X {w, u)^ {poT (w) (j), X (u) a) 

For any (w,u) this action is a bilinear map over FxW. So by the universal 
property of the tensor product there is one unique linear map : 

1^ : C/(3, 1)(^U ^ L{F®W;F^W) 
such that : 

y {a, (p) e F X W : 'd {w,u) {(p ® a) = {p o T (w) 0) ® (x (u) a) 
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The action of i) restricted to Spin(3,l)xU is an action of the direct product 
and {F (g) W, i!}) is a linear representation of the group Spin(3,l)xU. 

3) From there the vector bundle Em associated to Qm is defined 
through the action : 

{q, -0) X (s, u) {q {s, uy'^ , ^ (s, u) (i/j)) 

and the equivalence relation : (g, ijj) ~ (^q (s, u)~^ , ■& (s, u) (■0)) 
We denote the sections i=1..4;j=l..m : 

d (m) (g) fj (m) = {ipg (m, Ispin X ^u) , ® fj) 
~ {q (m) (s, u)~^ , (p o T (s) e^) ® (x («) fj)) 
which define a local basis of the fiber Em (rn) . 

A section of Em is a map :Q — >■ Em ■ '0 ("^) — '^'^^ ("^) ("^) ® /i ("^) ■ 

4) So far the choice of the vector spaces F and W is open, but we need some 
procedure to measure the components that is a way for an observer to 
define the vectors (cj (m) , fj (m)) . 

The basis (m) transform according to the same rules as di (m) and has 
clearly a geometric meaning. So we assume there is some procedure to relate 
the two bases. The basis fj (m) is related to the action of the force fields on 
the particles, and should be defined form the trajectories of test particles. 
The existence of the principal fiber bundle Um needs some procedure to 
compare the measures done by observers in different locations. This issue 
will be addressed below. 

2.2.3 Spinor and Clifford algebra 

It is useful to link the present model to the usual " spinors" used in quantum 
physics to describe spinning particles. The situation of quantum physics is 
indeed a bit complicated. 

1) As was said previously, in a local field theory any physical quantity which 
is expressed as a tensor must be a section of a vector bundle, associated with 
a principal bundle of the world manifold and modelled over a vector space 
which is a representation of the gauge group. There are well known, but fairly 
technical, methods to find all linear representations of a group. Usually the 
solution is a representation of the covering group, meaning a multi-valued 
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representation. The double cover of S0o{3,l) is Spin(3,l), which is iso- 
morphic to SL(2,C). Its representations arc the direct product of the usual 
"spin" representations of SO (3), and are indexed by 2 integers or half inte- 
gers (see Tung [28] and Knapp [11] ). So in the relativistic picture (special 
or general) the physical vectors (whenever they are supposed to represent 
a geometric quantity) belong to a vector space which is a representation of 
SL(2,C), assuming that there is a "spin structure". The "Weyl spinors" are 

vectors corresponding to one of the two non equivalent representations 
(1/2,0), (0,1/2). The "Dirac spinors" are C'^ vectors corresponding to the 
(0, 1/2) © (1/2, 0) representation, which is the 4 complex dimensional repre- 
sentation of the Spin(3,l) group. 

Notice that this prescription follows from the principles of locality and 
relativity, and stands for classical as well as for quantum models. 

2) But in quantum mechanics there is also the Wigner theorem, which 
states that, whenever there is some gauge group, observables must be ex- 
pressed in a projective representation of this group. It is possible to get 
rid of the phase factor, and go for a regular representation, if the Lie group 
is semi-simple and simply connected (see Weinberg [30] 1.2). This second 
condition, infortunately, is not met by S0(3) or S0(3,l). There are some 
ways around this issue, coming eventually to a representation of the covering 
group, which is what one gets anyway, and impose a "super-selection" rule 
between the 2 states. The problem is that the only unitary representations 
of SL(2,C) (and S0(3,l)) are infinite dimensional (see Knapp [11]). 

3) In Special Relativity the gauge group can be extended to the Poincare 
group. There is still no finite dimensional unitary representation but, if one 
fixes one 4- vector 7^ 7^ the irreducible unitary representation of SO (3) (if 
\\p\\ ^ 0) of S0(2) (if IIpII = ) are also irreducible unitary representation of 
the subgoup of the Poincare group leaving ^ invariant. These representa- 
tions are labelled by ^ and the spin s (for fermions) or helicity (for massless 
particles). They are infinite dimensional unitary representations over an 
Hilbert space of functions of p (and labelled by s). Their Fourier transform 
gives back functions of the coordinates, which, for the massive particles, can 
be expressed as functions of space-time coordinates valued in one of the finite- 
dimensional representation of SL(2,C). These relativistic wave functions can 
be seen as plane- waves which combine to give the actual particles, through a 
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process of anhiliation and creation. They arc labelled by both the represen- 
tation (s) and by other quantum numbers which characterize the particle. In 
quantum theory of fields observables are localized operators acting on these 
wave-functions. 

3 FORCE FIELDS 

3.1 Principles 

1) Force fields interact with particles (remind that here particles are mat- 
ter particles) : they change their trajectories (and possibly their physical 
characteristics) and conversely the particles change the strength of the fields. 
Moreover the force fields are defined all over the universe, and propagate 
without staying the same, even is there is no source : they interact which 
each others. In a local field theory these interactions are purely local : they 
are determined by the value of the fields and the states of the particles which 
are present at the same location of the space-time. 

2) The action of a force field on a particle depends on and changes the 
state ip (rri) and the velocity of the particle. The simplest assumption is 
that this action is linear, and can be modelled by some map over AqEm- 
It depends also on the trajectory of the particle : indeed particles always 
move on their world line, so the value of the field that the particle meets is 
changing and by the same mechanism the presence of the particle changes 
the value of the field. If we keep the assumption of linearity the action of 
the field is reasonably modelled by a 1-form over M, valued in Em '■ that is 
by a connection. Gauge equivariance implies equivariance of the connection, 
which is therefore a connection associated to a principal connection on the 
principal fiber bundle Q (m) . 

3) According to General Relativity inertial forces are equivalent to gravi- 
tational forces and related to the curvature of space-time. As far as we know 
they change the trajectories and the kinematic state of particles, but not 
their physical characteristics. So the gravitational field will be modelled as 
a principal connection G over Sm acting on the kinematic part of ip (in F) 
and on the velocity of the particle. The "other field forces" will be modelled 
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as a principal connection A over Um acting on the other part (in W) of the 
state and on the velocity. 

3.2 Gravitation 

There are different approaches to the modellization of gravitation, related to 
the two different pictures of the geometry of the universe. 

l)a The traditional way stems from the description of M as a manifold 
endowed with a metric g, and so g is the central piece. An affine connection 
(also called a "world connection") can be seen as a linear connection on the 
tangent bundle, which is no other than the vector bundle TM associated to 
the principal bundle modelled on GL(4). It induces a covariant derivative V 
acting on the sections of TM (the vector fields) characterized by the Christof- 
fel coefficients F^^ in an holonomic basis, and an exterior covariant derivative 

Ve acting on the forms over TM*, characterized by the Riemann tensor R 
and the torsion. So far there is nothing which requires a metric. The con- 
nection is metric if it preserves the scalar product, which is equivalent to the 
condition : Vg = 0^ ^Udej + 9i3e^%y = dcgp^. 

It is symmetric if the torsion is null, which is equivalent to : F^^ = F"^. 
There is a unique affine connection which meets these two conditions : the 
Levy-Civita connection whose Christoffel coefficients are a function of the 
first order partial derivatives of g. 

From there if one takes g as the key variable, and imposes that F is de- 
fined by some operator g ^ T which cannot depend on the choice of an 
holonomic basis (it is a "natural operator" in the categories parlance) the 
unique ffist order solution is the Levy-Civita connection (Kolar [14] 52.3). 
A theorem by Utiyama says that if the lagrangian depends only on the 
first derivatives of g it must factorizc through the scalar curvature R. Addi- 
tional algebraic conditions then lead for the lagrangian to the specification 
{R + A) Vld^ g\zuo (with a cosmological constant A). So the 
problem is fairly delimited and we are in the usual framework of General 
Relativity. 

If no relation is imposed a priori between g and F one has the so-called 
Einstein-Cartan models (Trautman [27]). The compatibility between the 
connection and the metric is an external constraint, and generally the con- 
nection is not torsionfree. 
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In both cases the variational calculus can be done in an holonomic basis 
(Sopcr [24]) or in an non-holonomic orthonormal basis. The latter method 
(by "tetrads") has numerous variants (Wald [29]) but the use of an orthonor- 
mal basis is mainly a way to simplify calculations which are always difficult. 



2) In the alternate approach to the geometry let us assume that there 
is a principal connection G on the principal bundle 5*^ represented by its 
connection 1-form G : Sm Ai (TAf*:o(3, 1)) and its potential : G {m) = 
G {ifs 1)) • Under a local jauge transformation ips {tti, 1) ips h (m)~^) 
(h varies with m) G changes as : 
G{^sim,h-^)) 

= Ad„G {^s {m, 1)) + {h'') {h-' (m))' 
= AdhG {ips (m, 1)) - R'h-^ (h) {h (m))' 

This connection induces a covariant derivative V over the associated vec- 
tor bundle Gm- The covariant derivative of a section V — Ylik V'dk of is 
the 1-form : 

= (daV' + (y(l)G' (m) Vy^ di dx" 

= {daV^ + (eLi <^a i^a]]) V^) dx^ 

a) There is a one-one correspondance between principal connections 
over Gm and affine connections over TM. 

Indeed the section V is a vector field V — V'^dk — J2a ''""^a '^i^^ 
v°' — V^O^ and equating both derivatives : 

VV = (d^V' + (eLi Gl [«a];) V^) di (g) dx- 



Wv = {dav" + rigV^) ® dx' 



W — Vv gives : 



ELi G^o. l^afl = O'W^Of + TiO'pj which 



can be written in matrix notation with [F^^] = [F 



7 

aJ/9 



[rc 



[O] 



[daO]) [O'] 



Gr 



[O'] ([FJ [O] + [d^O]) (4) 



It is easy to check that conversely an affine connection defines uniquely a 
potential, and from there a principal connection : in the gauge transformation 

: dj dj = Spk, [S] e SO (3, 1) we have : 



O 



[O] [S] 
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O' 
Ads- 



[ra] 

Ga 

G. 



O 



[s]-[s-'\ [0'\ [d.0\ [S\+[S-^\ [0'\ [d^0\ [S\+[S-^\ [0'\ [0\ [d^S\ 



b) A principal connection G is metric if the corresponding affine con- 
nection is metric. The necessary and sufficient condition is that : (yfg^F^^ + 

gpe^y-, = dag 13 J ^ i[g] [TalY + [g] [r^] = <9„ [g] . Let us show that it is met if 

[r«] = ([O] 



- [d^O]) [O'] and [g] = [O'f [r?] [O'] 



{[g] + [g] [rj 



- [O'f 
= [O'f 



Gr 

Ga 

G 



[daO])[0']) {[0'nv][0']y+[0'f[r,m([0] 



Gr, 



[daO]) [O'] 



[V] [0']-[0'f [daOf [Of [v] [0']+[0'r [v] Ga [0']-[0r W [O'] [daO] [O'] 



1* F/n/i* 



VI* 



VI t 



M - [d^Or [O'f [ri] + [ri] 





t 






Ga 




i] + M 


Ga 



= - [Of {[daOf [O'f [rj] + [rj] [O'] [0^0]) [O'] 

where we used the fact that Ga e o(3, 1) <^=^ 
On the other hand we have : 

da [g] 

= [daO'f M [O'] + [O'f M [daO'] 

= - [O'f [daOf [O'f M [O'] - [O'f [v] [O'] [daO] [O'] 

= - [O'f {[daOf [O'f M + M [o'] [daO]) [O'] m 



c) A principal connection G is symmetric is the corresponding affine 
connection is symmetric. Which reads : 



rl, = r}^ ^ [0]: 



Gr 



[o%-[daO]] [o'Y. ^ [oy^ 



Ga 



3 

. [0% - G, . [0'] 



G, 



■^3 



[oz-[d,o]][o']: 



'V 
a 



[daO]][0'r,-[d^O]][0'l 



Gr 



-eI- [0% [O]] [daO'Y, + [O'l [O]] [8,0'] 



[0% 



Gr- 



[o'i 



nk 
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nk 



Va, (3, k : 



■'J 



[0% 



G, 



(5) 



3) In a consistent theory of fields the connection must be metric, to guaran- 
tee that the scalar product is preserved along a geodesic. But the condition 
that it is torsionfree is less obvious. There is no experimental evidence on 
this issue (which could be a difficult one) and it seems better to keep the op- 
tion open. Moreover the alternate approach, starting from a principal fiber 
bundle, and orthonormal basis, leads logically to put the connection itself 
as the key variable, and to deduce the metric from the orthonormal frames. 
Indeed should the metric be measured, it could be done through the relation 



g"^= ^ rf ^0<^0^^^ g^^= ^ ^.-.O^OJ (6) 

jk jk 

So we will keep the connection G and the matrix [O'] as key variables, the 
metric g being a byproduct given by the relation above. It is clear that O' is 
determined within a matrix of S0(3,l) : the number of degrees of freedom 
with g is 6 and 16 with O', which leaves 10 degrees of freedom to fix a gauge 
suiting the problem. It is one of the main advantage of the tetrad method, 
and actually the chart which has been built previously already pre-empted 
such a choice. With these assumptions the connection is metric, but not 
necessarily symmetric. 

4) I take the opportunity to introduce here some conventions and notations. 

a) There is the irritating issue of the conventions about exterior product 
and antisymmetric tensor products. For a clear definition of the algebras of 
symmetric and antisymmetric tensors see Knapp ([12] A). 
Here I use the following : 

- I denote by (ai, ..a,) any set of r indexes (taken in the pertinent set), 
and by {cti, ..ar} the set of r ordered indexes : ai < a2-- < CKr, by e (ai, ..a^) 
the quantity null if two of the indexes are equal, and equal to the signature 
of (cKi, ..ar) if not. 
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- the exterior algebra AF of a vector space F is the set of anti-symmetric 
tensors : 

^ = Zl(ai,..a,) V...are"' •■■ c""- with Xai...ar = ^ {ai, . .ar) Xs(ai...ar) 

where (e*) is a basis of F 

AF — (Br=o^rF notice that the field of scalars belong to AF 

- AF becomes an algebra with the exterior product defined as : 
u,v&F: uAv = u<^v — v^u 

Mfc e F : Ml A U2... AUr = Y.{ai,..ar) ^ ("l' --^r) ^ai <^ Ua2-- 

{u^ A ... A uP) A {uP+^ A ... A uP+'^) 

= E(ai,..ap+,) e ("1' Mai®Wa2-®«ap+, = A-AuP AuP+^ A...AuP+1 

In the antisymmetrization process I do not use the factor 1/r!. 

- if (ei)"^j^ is a basis of F, the set e^^ A ... A e"'' of ordered products is a 
basis for A^F and an antisymmetric tensor : 

= E{ai,..a.}Aw...Me"^ A...Ae- 
and we have to pay heed to : 

E(a,....) A.,..a.e- A ... A e^^ = (r!) E{.„..a.} A{a,...a.}e"^ A ... A e'^" 

- with these conventions the exterior product of the p antisymmetric 
tensor Xp and the q antisymmetric tensor fiq is : 

Ap A /X, = E A{„,...a,}/X{^i.../3je"i A ... A e"^ A e"' A ... A 
This product is associative and Xp A Hg = (— 1)^^/^^ A Xp 

b) I will denote : 

Wq the 4- form derived from a holonomic chart : vuq = dx^ Adx^ Adx^ Adx^ 

so UJQ = Eaia2a3a4 ^ ("l' "2, «3, "4) (g) (ix^^ (g) (ia;"^ (g) dx"* 

The volume form deduced from a metric g is the following : 



W4= (det O') dx°AdxVdx2Adx2= a^A^^A^^A^^ (7) 

The volume form on a manifold endowed with a metric g is defined as the 
4- form such that an orthonormal basis has volume 1: 

= tJ74.oi23iia;° A dx^ A dx'^ A dx^ 

W4 {81,82,83,84) 

— ■cc74;oi23 {dx'^ A dx^ A dx^ A dx^) {di, 82, 83, 84) 

= Eaia2a3a4 ^ ('^l' "^2, (^3, ^4) W4;0123 {dx°'^ ® dx""^ ® dx"^ (g) dx""*) {81,82. 83, 
= ^4;0123 Eaia2a3a4 ^ ^2, ^3, ^4) O^^^Og^^O^^ = tI74;0123 dct O = 1 
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^ tz74 = (det O') dx^ A dx^ A dx"^ A dx^ 

Indeed we know that the volume form is •074 — -y/jdet g\dx^ Adx^ Adx^ Adx^ 
and we have : 

[V] = [0f[g] [0]^(det [0]f det [g] = -1 

^ [^] = ~ = ~ ^^^^ ^ VMet^l = |det 0'| 

The orthonormal bases are direct, so |detO'| — detO' 

The volume form can be expressed in the orthonormal basis : 

zu^ = w^d^ Ad^Ad^Ad^^ Y.ni2izu ^ (^i' ^2, ^3, h) ® d'^ ® d'^ ® d'^ 

and 

ZU4 {do, di, 82, 83) = Y^i^i^i^i^ e (^1, ^2, ^3, u) (9*i(g)<9^2(g)a*3(g)a^4 (^o, 5i, 82, 83) 
= ^4 T.ni,i,u ^ (^1' ^2, ^3, h) 5'o6l'5'i5i' = det h = !■ 

c) The partial derivative of the determinant is computed as follows : 
9«^^d^ = det O' = Ea,, (^) dc. ml 

For any invertiblc matrix M one has : "^^^f^ = [M~^]^ detM (the order 

of the indexes matters) 
^ = [0]^(det[0']) 

a« Vid^ = 8^ det [0'] = Ea,m [Ofx (det [O']) 8^ [0% = (det [O']) Tr {[O] [8^0']) 



8^^/\d^\ = (det [O']) Tr {[O] [8^0']) (8) 



Notice also the identity : 9^ = = -OfO'--^ 



3.3 The other force fields 

We shall be brief as we do not try to specify the force fields considered. The 
action of the force fields (other than gravitation) is represented through a 
principal connection A over Um , its connection form denoted A : Um ^ 
Ai (TM*; T^U) and its potential A = A{ipu (m, If/)) . Notice that the con- 
nection is valued in the complexified of the Lie algebra. 



3.4 The fiber bundle of force fields 

1) Both G and A can be defined as principal connection over Qm- As 
equivariant connections they are essentially defined through their form, which 
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transforms in a gauge transformation as : 

q{m) = ifQ (m, (1,1)) ^ q = (fQ (m, (s,m)^^) 

G^Gi^Q (m, (1, 1))) = E„,a G^adx"" ® it a 

^G^G{^Q (m, {s, u)-')) = {Ad,^s) Ea {g- - <) ® dx- 

A^Ai^Q (m, (1, 1))) = Ea,„ ^S^^" ® 

^A = A{<pQ (m, (s, «)-^)) = E. (Adu E„ (31 - 9^^ ® dx" 
where 

= G o(3, 1) : ^ = L;^(,)(l)<rfa;" ® ^„ 

"^a = e^taeT^G : f = K{i)e-jx" ® ^„ 

(3, G) ^ (A, G) = (da - it a) dx'^, Adu (ia - ^a) C^x") 

Similar to the vector bundle describing the states of particles, there is a 
fiber bundle describing the fields. But the relations above are affine and not 
simply linear, so this fiber bundle is an affine bundle and not a vector bundle. 

2) Prom the linear representations {o{^,l), Ad) ,{TiU, Ad) of the groups 
Spin(3,l),U over their own algebra one builds the associated vector bundle : 

Fm = Qm Xspin{z,i)xu (o(3, 1) X TiU) : 
ifF (m, (Ispm, = {it (m) , 't (m)^ 

~ (fF {m, (s, u)~^) = ^Adglt (m) , Ady^ ("^)^ 

A local basis of this vector bundle is given by a couple of vectors 

{it a (m), 9 b (m)^ 

This real vector bundle can be extended to a half-complexified vector 
bundle to accomodate Tf [/. 

3) The 1-jet extension J^Fm of this vector bundle is a fiber bundle coor- 
dinated by : (x", (k", 9^) , (<, ) . It is a vector bundle if restricted to the 
first two coordinates, meaning the bundle J^Fm — > and an affine bundle 
with the last coordinate J^Fm — > Fm- 

Sections of the latter bundle can be seen as 1-form over M valued in Fm '■ 
(x", (k^ (m) , (m))) ^ {k'^ (m) dx" ® it a (m) , (m) ® 9 b (m) j 
Force fields are described by connections and defined by their potential 
which are 1-forms over M valued in the Lie algebras. There is a one-one cor- 
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respondance between principal connections over Qm and equivariant sections 
over the affine bundle J^Fm ^ Fm (Kolar [14] IV.17). 



3.5 The covariant derivative over E 



M 



1) The principal connections (G, A) over Qm induces a covariant derivative 
denoted V acting on sections of the associated vector bundle Em '■ 

Wy^J = (da^^ + l?'(l5pm(3,l), ^u) (^a, ^a) i^) dx" ® 6^ (m) ® (m) 

where : 

^'(l5pm(3,l), Ic/) (Ga, A„) ^ 

= EU Er=i (Et.=i ELi G» [daP o T(i)]; v^'^^- + ELi [^.x r') 

the index b running over the dimension of U. 

'A- 



= E ("^aV^'^' + [dap o T'(l)]*^ V^'^^' + [a„x V'*') (^a;" ® e 
It has the following properties : 

yi/j e Ao {EM),yX,Y e TMy\iie M,/ e C(M;M) : 

y{m = fiy'4^) + {dMf)®iJ 
In a gauge transformations we get : 

^ = (g, ^*^ei ® /j) ~ [q (s, m)"^ , '^'^'cfc 

Ga Ga = Ads {Ba — Co) 
A-a ~^ Aa — Adg ~ Ca^ 

+ [p o T'(1)G«];^'^^- + [x' (1) 



fi) 



Jit 



ij'" dx" ®ei®f„ 



Notation 3 



■ip is a, tensor, that will be conveniently represented as a matrix 4xm (it 
is not square) : [■?/'] = [V'*-']*Ii'',„ 

We have previously seen the square 4x4 matrices : [Ka\ = (p o T)' (1) {jilt a)) ■ 
We will denote the square 4x4 matrices : Ea=i ['^a] Ga = [Ga] ■ Notice that 



E„ [^a] G- e 0(3, 1) 
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: T^U ^ Lc {W; W) is a complex linear map. daX (1g) e [W- W) 
is represented with the (/fc) basis by a square mxm matrix with complex coef- 
ficients. We will denote the square mxm matrices : daX (1g) ~ x' (1g) ~^ a — 



[^J.and EaNA^ = [A, 
X'(l) = -x'(l)* and [Oa] = - [^a] 



The {W, x) representation being unitary 



W = ^ [d^i^'' + Gl^^^ + i« V'') 0?^" ® (m) ® (m) (9) 



aijk 



So the covariant derivative reads in matrix notation : 



A. 



(10) 



3) The covariant derivative gives a parallel transport over Em along a path 
m(t) in M with the condition : Vm'(t)'?/' ("^ (^)) = 0- Practically the observer 
must stay in a path such that the effects of external fields do not change. 
Or equivalently two different observers proceeding to the same experiment in 
similar conditions with a test particle shall get equivariant measures. So, in 
principle, there is a way for these two obervers to calibrate their instruments, 
that is to know where their basis Cj {m)<S>fj {m) stand relatively to each other. 



4) The covariant derivative acts on the section ip, the kinematic and the 
physical characteristics. But as a 1-form on M it acts on the velocity, which 
a vector in TqM. All these actions are local and linear, as expected. We will 
have a better look at the mechanisms involved in the 4th part, until then we 
will stay at a general level. 



3.6 Interaction Field/Field 

The force fields interact with each other. At this step we will not enter 
into a precise description of the mechanisms involved, but just introduce one 
key ingredient : the curvature. In the principle of least action picture we 
need derivatives of the various quantities. For the states of particles which 
are sections of associated bundle that is the covariant derivative. The force 
fields are described as potential (G,A), which are 1-form over M, so we need 
some kind of covariant derivative for forms. 
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3.6.1 Exterior coveiriant derivative on principal bundles 

The force fields are fully described in the principal bundle picture, so only 
these bundles are involved here. 

1) The bracket of forms on M valued in a Lie algebra is defined as follows : 
A e Ap (M; Tit/) , e A, (M; T^) 

^ [A, /x] = Ea,6,c A ® G A,+, (M; T,U-) 

XeAp (M; o(3, 1)) , /i e A, (M; o(3, 1)) 

^ [A, /^] = E„,6,c G?cA' A //^ ® ^„ e A^+, (M; 0(3, 1)) 

where C^^, are the structure coefficients of the algebras (they are real 
numbers in both cases). 

The exterior covariant derivative of a p-form on M valued in the Lie 
algebra is defined as : 



A e Ap (M; T^U) : VeA = cImX + 
XeAp (M; o(3, 1)) : VgA = cImX ■ 



A, A 



[G,A] 



where (ImX is the usual exterior derivative of the p-form on M. 



2) The potential is a 1-form, so one can compute its exterior covariant 

derivative : 



A 



A, A 



J TiU 



G A2 {M-T^U) 



VeA = a 

J=G = VeC = dv (G) + [G, G]„(3^,) G A2 (M; o(3, 1)) 

They are 2-forms valued in the Lie algebra, expressed in components as 

With T^^p = 



With T%^p = d^C^ d,Gl + T.,cGlcGiGl 

and the usual notation {a, (3} for an ordered set of indexes. 

Their exterior covariant derivative is null : V e^A = 0; VeJ^a = 

In a gauge transformation these forms transform as : 

Ta {q (m) (s, u)~^) = Adu^A {q {m)) 

Tg {q (m) (s, w)~^) = Ads^G {q (rn)) 

The definitions and names for these quantities vary in the litterature. We 
will call them, in these definitions, the curvature forms. 
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3) They are the quantities (and possibly their derivatives) which should 
be put in the lagrangian to account for the interactions between force fields. 
In General Relativity it is usual to use the Riemann tensor and the scalar 
curvature at this effect, so it is useful to see how these quantities are related 
to our curvature forms. As previously with affine connections and principal 
connexions the link goes through the associated vector bundle. 



3.6.2 Covariant exterior derivative on associated vector bundle 

1) For any covariant derivative V on a vector bundle Gm El there is a unique 
extension linear operator 

Ve : Ar(M; Gm) — ^ Ar+i(M; Gm) on the forms valued in Gm , such that 



VA G A,(M;M),7r G A,(M;Gm) : Ve (A A tt) = (c^mA) ® vr + (-1)''A A VeVr 
It is defined (Husemoller [10] 19.2) by : 

TT G K{M- Gm) : vr = E{.o...«.-i} ^U.-.-i}^^"" ^ - ^ ® M 



~ Ei,a S{Qo...Qr-i} ( '^a^{ao...ar-i} + 



Gr 



TC 



{ao---Or-i} 



..dx"'-^ ® di (m) 

usual exterior differential on M. 



dx°' A dx""" A 



Gn 



J k 



dx" I A vr^ ) 9j where dM is the 



2) If one applies two times this operator on the same form : 

where F = j' (1) ( J'g) = Ea</3 Ea -^Gfa/?} [^a] dx" A cix^ is a 2-form on 
M valued in the linear maps over Gm and represented in the canonic basis 
of M"^ by matrices of o(3,l). F is nothing other than the curvature form J^a 
expressed in the orthonormal basis : 

r = I E„, Ea J'ca^ i^a] dx^ A dx^ = E{.,|H F\,^},d^ A ® d'^ ® di 
With Fi,, = Eaa, [T^al 0^0^ ^ Ea./3 J'ca, [^a][ = E ri,,O^Ol 

It can be shown that VeFi = where 

r^ = EaW^} [^Ji' A dx^ ® 9j 

^We take here the Gm associated vector bundle but the procedure is general 
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3) The same calculation can be done with any covariant derivative on a 
vector bundle. With an affine connection on TM defined by the Christofell 
coefficients F^^ one gets : 

Ve (Ea,{ai...a.}^{ai...a.} (^^"^ A ... A dx^) ® d^) 

(e«,w...«.} (^^"^ A ... A dx-o ® a„) 
= Eo: E« {d (r-^rfx^) + (e, (r^^rfo;^) a (r;:^^^^))) a tt^ ® 9„ 

The quantity 

E« E, (rf (r^;,rf:r^) + (E, i^x.dx') A (r;:^rfa;^) 



5a 



1 



is the Riemann tensor : -R"^^ 



a -pa 



-ye^ ril3 

can be seen as the curvature form of the affine connection and 



r« r;^ which 



dry. 



^) = Ea/3 E^ 

From the Riemann tensor one deduces the Ricci tensor : 
Ric^fjdx'' (g) dx/^ = dx"' {R (9^)) :: RiCa^ = E-y Rl-yp 

Notice that these calculations can be done without any reference to a 
metric. 

Now with a metric g there is the scalar curvature : R = Eo/? Q^^Ri'^ap 
The Ricci tensor is symmetric if the connection is symmetric, but the 
scalar curvature has a unique definition : 

- i (Ea^ g'^^R^Cap + g^'^Ric^o) = Ea^ g^'^R^Cap 



4) We have seen previously that for a principal connection there is a unique 



affine connection with [F^ 



[O] 



compute as above from the connection G : : 



— [O] ) [O'] from which one can 



the Riemann tensor : [R-yr]] 
= d, [F,] - d, [T,] + [[F,] , [F,]] . 

- [O] [Gr, 

- [o] k 



Gr 



Gr 



G^ 



[O'] [d,0] [0'] + [0] [G,\ [O'] [d,0] [0'] + [0] [G,\ [O'] [d,0] [0'\ 
[O'] [8,0] [O'] + [8,0] [O'] [8,0] [O'] - [8,0] [O'] [8,0] [O'] 
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- [d,0] [O'] 
[R,,] = [O] 



0'\ + \d^O\ \0'\ \0'\ 



So the Ricmann tensor associated to the connection G is : 



E., 01' [Tea,]] O'^ ^ [J-G.,];. 



that is the tensor F, which is the curvature form expressed in the or- 
thonormal basis. 



the Ricci tensor : Ric — RiCa^dx"' 



y.. o 



J", 



Ga-y 



dx^ 



Ric, 



'al3 



E 



U7 



In the orthonormal frame the Ricci tensor from the connection G: Ricij — 



Efca7 [-^00:7] j ^T^k ~ Efe f^ikj 



the scaleir curvature : With the metric defined as : g°'^ — rf^O'^Oi : 



GoL'y 



kj 



Gap 



R = E ^GaP {OlPl - 0^01) = 2 Y: n^P {PIPI - OiOl) (11) 
aaP a,a<P 



In the orthonormal frame : 

^ ~ 2 '^aklaP i^pqj^^'^ ~^ ^Pqj^''^) ~ '^pqj (t^P'JJ ^'l^lp ~ ^ijk 

- E. r (^1, d,)]\ + [F {d2, d,)]l + [F {ds, d,)]l - [F {do, 
If the connection G is symmetric this scalar curvature will be identical 
to the usual quantity computed from g. 

This quantity is preserved by a gauge transformation. 

0]^[0] [f^is]]-' 



E[o]J 



Ad 



F^ 



Bari 



[/^ («)] 



Fg 



Go/y 



■'J 



v'nork 
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T.[0]l [l^{s)-Wi,{s)] 



Gori 



Gar^ 



Ga'y 
-lid 



[i^{s)'%[n])[or,[i^{sr% 



- E [0]l 

- E m 

where we use the property of [// (s) ] e ,50(3, !)■ 
3.6.3 Torsion 

While we are in these calculations I take the opportunity to introduce the 
torsion tensor and the structure coefficients which will be useful later on. 

1) The fundamental form is the 1-form on M valued in Gm '■ 



e ® = <E) 9, e Ai {M;Gm) 



(12) 



i=0 



This is a purely geometric quantity, independant from any connection. 

2) The components of its exterior derivative (ImQ are the structure coeffi- 
cients 4^ = [di, dkY of the algebra of vectors in the basis di (the brackets are 
the commutators of the vector fields di — Of' da) ■ 



^Ik- 



a/3 



(13) 



= E. Ep,, A 9^ ® 9, = 2 Ep<, Ad'^^dr 

We have c^^ = — c^^ so it is convenient to choose an order for the indexes. 

Using the correspondance between the indexes in the basis of o(3,l) and the 

couples (p,q) (see table 1) we will denote : 



1..6, r 



0,..3:< 



Paqa 



'^32' '^2 ~ '^13' '^3 ~ '^21' ^4 ~ ^01' 



<^02 ' '^6 



--03 



(14) 
(15) 



With this notation we have : dQ ^ 2 ^^^^ X)r=o ^a^^" ^ ® 9r 
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3) The exterior covariant derivative of 6 is : 

Vee = E.(^W + E.((E„ [g. 



dx'^) A (E;3 



G. 



Expressed with [rQ,] = ( [O] 



Gr. 



i / 



■ [d^O]) [0'\ it gives: 

VeO = Ea<, (rZ, - J dx<^ a d^/^ ® 9, 

which is the usual torsion 2-form of the affine connection associated to 
G. This connection is symmetric iff Ve© = and we have the relation : 



vfe = rAe. 



4) The torsion tensor can be expressed as : 



VeO = rfe + E 



Ga 



O'^ I rfx" A dx^ ® dr 



with rfe = 2 E. Ep<, cigd' Ad'^0dr = 2 ELi E'=o A d'^'^ ® a, 

and 



'Y^iapr y Go 
^—ja/3ijkr 

a=l 2^r=0 



O^* ) dx'^ A dx^ 



9^ 



G 



Pa 



G. 



Pa 



dr 



gpa /\ gqa g 



= Ea=i E?=o^"^'''^/\'9'?'"®a, 


with : 


G, 


= y 


Ga 


Of. 



The table T"*" indexed on a and r is computed with = {S^^^Sjq^ — S'^'^°'Vjpa) 



TABLE 2: T'"" = 
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a\r p 


9 





1 


2 


3 


1 3 


2 


— G2 ~\~ 








2 1 


3 


G\ - Gl 


Gl 


-G\ - Gl 


Gl 


3 2 


1 


-G\ + Gt 


Gl 


G\ 


-G\ - Gl 


4 4 


1 


Gt 


-G\ 


-G\ + Gl 


-Gl - G\ 


5 4 


2 




-(_T2 - Ctq 


-G\ 


Go — G2 


6 4 


3 


Gl 




— Ltq — t^S 


-Gl 



and we have : 

VeO = „ {2cl + T'^'^) ^P-^ A S"?" ® dr 

It should be noticed that the torsion, as the scalar curvature, are re- 
lated to a connection : they are not some geometrical properties of the 
manifold M. They are computed composed either with {O^^Og^ — O^^Op^) 
or O'^ [Op^daOq^ — Oq^daOpJ which are pure geometrical quantities. As a 
manifold there are topological obstructions to the existence of a structure of 
principal fiber bundle, but given a fiber bundle there is no unique compatible 
connection. Indeed according to General Relativity the connection is fixed 
through interactions with the content (matter and fields) of the universe. As- 
suming that there is some intrinsic scalar curvature or torsion of the universe 
would state that the vacuum has an pre-existing physical structure. 



3.6.4 Remark 



In the tetrad method it is usual to introduce the quantities called : 



a) the 1-connection 1-form : Q : Q^, — 



Gj 



d'' e A(M; L{n)) 



b) the 2-form torsion : T* 



G, 



J k 



Gk 

_ 1 

~ 2 



c) the 2-form curvature : i?* 

And the following relations : 
Cartan's structure equations : 

T' = VeO 



jkl 



Kj <^ J'G 



Bianchi's identities : 

VeT = r A e = v^e 



[Rp ® da) A^' ^ 
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dR'^ + n^^AR^j = R^^AQ^j ^ VeR = V^G AG 
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Part II 

LAGRANGIAN 

4 PRINCIPLES 

4.1 The point particle issue 

1) The system is described at each time t by the following quantities, mea- 
sured on the hypersurface S(t) : 

- the geometry: the matrix [O (m)] or equivalently the fundamental form 

e 

- the state of the N particles : ipn {Qu (t)) £ Em located a some point 

Qn (t) eS{t) 

- the potential of the gravitation G and the other fields A on S(t) 

For the complex variables the complex conjugate should also be involved. 
The lagrangian is a real function, R-differentiable but not C-differentiable 
: if it was holomorphic the partial derivatives with the conjugate variables 
would be null. So we must consider separately the real and the imaginary 
part. 

Let us denote all these variables where j runs over all the variables and 
their coordinates. The lagrangian should also include their partial derivatives 
: As the interactions are described by first order connections it is sensible 
to limit these partial derivatives to the first order also. 

A general field model shall cover both the "vacuum" - no particles - and 
the "free particles" - no force fields - cases. So the action can be split in 
one part denoted Sm addressing particles and interacting fields, and another 
part addressing the interacting fields only. ip and its derivatives figure in 
the Sm part only. 

2) The concept of point particle raises many difficulties in field theories. 
They arise for the determination of the Lagrange equations (Poisson [21]) 
and the trajectories (Quinn [22]). There are some ways to circumvent these 
problems, but they are rather cumbersome and involve methods with which 
one cannot be fully comfortable (such as fields propagation coming from the 
future). In fact these issues appear in the case of a single particle interacting 
with its own field, which is a simple model, but perhaps an unphysical one. 
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Without pretending to settle this issue I assume that the force fields are well 
defined sections of the bundle J^Fm and the action Sp reads : 

Sf = Lf (g^, a^G^, Re Re d^A^, Im A^, Im d^A^z^ (m) , O^, d^O'^ 

with some real valued function Lp. Notice this is ^4 in the integral (^4 = 

^/\detg\uJo) 

3) The action Sm should be some integral hke : 

iJM — Z^k=l 

Lm [v^ it),Re (t) , Im (t) , Re d^i^^ (t) , Im (t) ,ReA-{q, (t)) , . 

with the sum over the Nt particles present at t, their trajectories qk (t) 
within Q and their velocities : Vk{t) — 

It is assumed that Q is large enough so that any particle entering into the 
system stays within, or changes into another one (which is just a change of 
the value of ■0) or is annihiliated : there is no particle leaving or entering ft 
during the whole period of observation [0,T] except at t=0 or t=T. Conversely 
particles can be created " from the vacuum" . 

4) Let us consider first the case where all the particles live over [0,T]. If the 
problem has a "well posed" initial value formulation, that we will assume, 
the principle of least action leads to equations such that the trajectories Qk (t) 
are uniquely determined from the initial values, notably the positions of 
the particle k at t=0. Implementing a classical method attributed to Low, 
one can therefore assume that there is some function / : S{0) x [0, T] — )■ O 
such that the particle positioned at t=0 in a G 5* (0) is at the time t at : 
q = f {a,t) e S{t). Of course the function / depends itself on all the initial 
values, and is part of the variables to be entered in the model. This is a strong 
assumption indeed, as there is only one function for the whole system. The 
trajectory of the particle k is : qk it) = f {ak, t) with the constant and its 

relative velocity is : = 

Let us precise a key point : the value of the variables and their derivatives 
are taken in g = / (a, t), so : 

= z^ {f{a,t)) , d.z^ = d^z^ (g) = {q) 
With these assumptions the action reads : 
Sm = EL/o'^m (%^,.^ (/(a.,t)) ,4 {?M)) dt 
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5) S(0) is a relatively compact riemanian manifold, so it is geodesically 
complete and there is a unique Green function iV : 5'(0) x 5'(0) — >■ R such 
that : 

V«eL2(^(0)),M|a5(o)=0: 

/s(o) {^aN{y, a) j u (a) zu^ (a) = /^^^^^ N{y, a) Am (x) (a) = -u{y) 
where -073 is the induced euclidian metric on S(0) and A = div o V is the 
Laplace-Beltrami operator on S(0), incorporating 1173 (Grigor'yan [6]). N is 
smooth outside x=y and belongs to L^(S(0)). It is symmetric : N{a,y) = 
N{y,a) , positive on S(0) and null on dS (0). If S(0) is not too exotic V is 
proportional to v{as) where V(a,s) is the volume of the geodesic ball 

centered in x. N is fully defined by S(0) and the induced metric on S(0). So 
it is a fixed function in our problem. 

The quantity (y) = Lm [Ky^t]) , zl,(j{y,t)j) dt is a 

function of y G 5'(0), null on ^^(O) if there is no particle on the rim at 
t=0, and we can reasonably assume that {x) e [S (0)). So we can write 

-0 (y) = /<?(o) (y, a) (f) (a) (a) 
-0 (ofc) = /^(Q^ /^^N (ofe, a) (a) (a) 

Sm ^ - J2k=i Is(o) {^xN (cfc, a) j (a) ^3 (a) = 

-Ef=i/5(o) (A.7V(a,,a)) /^Lm (%^,;^^ (/(a,^)) (/K^))) ^^^3 (a) 

6) has the structure of a fiber bundle with base IR and typical fiber S(0), 
with trivialization : (pn : S{0) x [0,T] ^ Q m — (pn{a,t) 

So for each (a, t) e 5'(0) xi the map (pci defines a point in fi, and conversely 
for each m € there arc unique coordinates (a, t) 6 S(0) x t . Indeed this is 
exactly how we have defined the chart. It works because the fiber bundle is 
trivial. 

Let N be the function : 

N :n^R::N{<pn (a, t))) = - Efe ^5(0)^^ (a^, <Pn (a, 0))) = - Efc A,7V (a^, a) 

It is defined on Q, constant for all t, smooth and null on dQ. For a given 
system N should be fully known : it is included in the initial values package. 
Let be the map : / : Q — >■ Q :: / ((fQ (a,t))) = / (a, t) . It is defined on 
. The particle present at t in m if any would have as coordinates : m = 



47 



(y, t)),y e S (0) . Its trajectory is : q ^ f {y,t) ^ f {ipn {y, t))) ^ f (m) . 
Its velocity in the chart is : ^ = ^ f {y,t) ~ dof {ipn(y,t))) . So we can 
define V = do f {m). We will denote : = f ^ V = do f = Zq (but z^ itself 
cannot be explicitly in the lagrangian) so the action reads : 

Sm = 

L(o) ^ (^^ («' t))) lo (z^ (fi^Pn {a, i)))) , [f{ipn {a, t))))) dtzu^ (a) 
Q has the structure of a fiber bundle with base R and typical fiber S(0). 

The volume measure on Q can be expressed as : zu^ — zu^ <S> dt where dt is 

the Lebesgue measure on R (Lang [16] XV 6.4). Then: 

Sm — /q-^("^)-^m (^/("^)j (^/("^))) 'OJ/^{m) and the action can 

be written : Sm ^ JqN (to) {z\ zl) zu^ 

Remark : V is a vector field on Q, which gives the velocity of the particle 
that would be located at the same point. Thus we have a strong analogy with 
a fluid mechanics model, but there are 2 differences. The V vector field is 
"virtual" in the meaning that J do not assume that there is a particle present 
: the lagrangian depends on /, N and this has important consequences. I do 
not assume any continuity of variables such as density, and any conservation 
law should be deduced from the model. 

7) Let us now consider the creation and annihiliation of particles. The 
presence of a particle is felt in the action through Lm- Em is a vector bundle 
and is a legitimate value for i/). After some adjustment if necessary, it is 
possible to guarantee that Lm = whenever ip = 0. The previous construc- 
tion stands with a variable number of particles and a map / defined over all 
S(0) with the convention that : q = f{a,t) corresponds to the trajectory of 

a particle iff ^/(a,t)j 7^ 0. 

We have then a unique section ip : Q ^ Em for all of fl and the particles. 
The continuity of such a section is questionable, if the particles can be created 
and annihiliated, or change their physical characteristics, but of course that 
is one of the main pending issues. 

The physical vacuum means the absence of particles, that is ^ = 0, and 
the action is then restricted to Sp- But the model stands as long as S(0) is de- 
fined, with any function N {(pn (^, t))) = - /^^q^ A5(o)A^ {x, ipn (a, 0))) p{a)wz (a) 
where p(a) is an arbitrary function. One gets a section which is not nec- 
essarily null and defines some " fundamental state" . We will come back later 
on this point. 
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4.2 The configuration bundle 

1) In the following we keep the variables : 

TjjeAo (E,) ,GeAi {TV; o(3, l)),Ae Ai {TV; T^U) , O e^Ai {TV; Gm), 
which arc sections of the respective bundles, and the map / e C°° (Q; Q) . 
When it is useful we will denote : Zf — f*Zi, — f*LM- 
The action is : 
S = Sm + Sp 

Sm = NLm{V^'', Re ijj^'^, Im ij;^'^, Re Im Re i^", 

Im Re d^A$^, Im d^Af, 0%-, d^Gf, ^ 9^0f ^4 

Sf = (Re Im i» , Re Im G^, a^G^, Of, dpO'^) 

2) There are 16m+36 variables 

z^^ (y°^,ReV'*^ImV'^^Rei^,Imi«,G'^,Of) , 

all real valued scalar functions. Let JZ be the vector bundle based over 
Vl modelled on the vector space spanned by {z^) with the trivialization Z = 
if J z {x" , z"") . We will denote a vector of the tangent vector space to JZ : 

A section of JZ is a map : Z : Q — >■ JZ :: Z (m) = ipjz {x", z' (m)) . 
The first jet extension J^Z of JZ is the set of the equivalence classes of the 
sections on JZ with the same first order partial derivative (Kolar [14] IV). 
J^Z is coordinated by j^Z = (x", -2*, 2;^) ^"^^ J^Z ^ JZ is an affinc bundle 
based over JZ. J^Z is identical to the set JZ ® TM* = L{TM;JZ).k 
section of J^Z is a map : j^Z{m) = (fj^z {x"', z^ (m) , daz"^ (m)) 

The configuration of the system is defined by a section j^Z oi J^Z and a 
map f : Q ^ Q. 

With these notations the action reads : 



S = SM+Si.; Sm= I NrjiZ*LM(;^\4)^4; S^= / jiZ*L^ 4) ^4 

Jo, Jci 

(16) 

We will denote : 

Cm^N (m) rj'Z* {Lm {z\ 4) (det O')) 
CF = j^Z* {Lf (^\4)(det0')) 

So £ = + Lf and Sm = Lm'^q] Sf = Cf'^q 
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3) The lagrangians L^, Lp are real scalar functions on J^Z , which together 
with the volume form 074 define a 4-form on Q. 

The specification of the lagrangian is a major issue in field theories. The 
main road to set it out is by using the constraints imposed by covariance and 
gauge equivariance. 

The equations derived from the principle of least action lead to solutions 
which shall be equivariant under a gauge transformation : observers with 
different referentials shall be able to compare their results if they know how 
to pass from one referential to the other. A general theorem states that 
this is achieved if the lagrangian is invariant under a gauge transformation 
(Giachetta [5] p. 70). This will give us a first batch of relations to be met by 
the lagrangian. 

Covariance derives from the condition that the solutions, and thus the 
mathematical objects involved in the model, should transform as expected 
in a general change of chart on the manifold M : their coordinates are rep- 
resentative of intrinsic geometrical objects. The action is the integral of a 
4-form over fi. So the functions NLm, Lp must be invariant under a change 
of chart. 

We will address successively these two requirements. 
We will prove that any lagrangian meeting the gauge and covariance 
conditions must be of the form : 
L = {NLm + Lp) det O' 
with 

Lm= Lm (V^", Re VO'^ Im^O*^ Re V.^'O^^ Im V«^0*^ , Of, ^^Of ) 

Furthermore G does not appear explicitly if the lagrangian does not de- 
pend on dpO'^. 

We will prove that some of the partial derivatives of the lagrangian 
transform as composants of tensors, thus they will be essential in definin- 
ing " Noether currents" . 

But in the proof we will encounter many other mathematical quantities 
which will be useful later. 

5 GAUGE EQUIVARIANCE 

Any physical measurement is done by the co-ordinated network of observers. 
So it is not sufficient to know how each of them sets up its own apparatus. 
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we need to know how this set up changes as we move along the observers. A 
gauge transformation is thus a continuous, and we will assume a diffentiable, 
map : s(m)xu(m) on Qm extended to the bundles over M by use of the 
gauge transformations rules. In fact the latter lead to parametrize the gauge 
transformations by vectors of the Lie algebra, meaning using the fiber bundle 
structure Fm and its 1-jet extension introduced previously. This does not 
concern z*^, V. 



5.1 Gauge transformations on Qm 

1) From a mathematical point of view a gauge transformation is a map : 
J '■ Qm ^ Qm Jil) = Q ■ f (q) where ■ stands for the right action on Qm 
and / : Qm {Spin{3, 1) x U) is such that : f{q- {s,u)) = {s,u)~^ x /(g) x 
(s, u) . Applying this formula to the section q (m) = ipq (m, Ispin x lu) gives 
: / {{^Q i'm, {s, u))) = {s, u)'^ x f{ipQ (m, Ispin x If/)) x (s, u) 

A gauge transformation can thus be equivalently defined by a map : 
j {Spin{3, 1) xU) : {js (m) Ju{m)) = / {(pq (m, Ispin x lu)) 

with the action on Qm '■ 
J{VQ{m,{s,u))) 

= ifQ (m, {s,u))-{s,u)~^ {js (m) Ju{m)) {s,u) = (pg (m, {js (m) sju {m)u)) 

2) With pointwise product the set of gauge transformations has a group 
structure (the gauge group). Among all these transformations we consider 
those which form 1-parameter groups : the subsets of the gauge group 
parametrized by a real scalar r and such that : 

O J^i — Jt-\-tI -v^ 

{'m, ijr,s (m) s, jr,A (m) u) {jr>,s (m) s, jr',A (m) u)) 

= (m-, {jr+r',S (m) S,jr+r',A (m) u)) 

This condition is met with (j^^g (m) , jT,A {'m')) — ^exp rlt (m) , exp r 9 (m)^ 

where (it (m) , 't (m)) is a map ft — )■ (o(3, 1), TfC/). 

So we will focus on the gauge transformations such that : 

Jri^PQ (m, (s,u))) = ifiQ (m, (s,u))-(s~^ (exprlt (m)) s,u~^ ^expr"^ (m)^ uj 

— ipQ (m, (s, u)) ■ (exprAdg-ilt (m) , exprAdu-i"^ ("^)^ 

^JrifQ {m, {S,u)))\r=0 = 

([Ads-i]l (m) Ka{q {^Pq (m, (s, u))) , [A4-i]" 9c (m) 9b {q {^fq (m, (s, u))))) 
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where Ka{q), 9b (?) are the fundamental vectors of Q„ 
with (m) = k"- (m) (m) , 6 (m) = (m) (m) . 

Thus we have ttq (J^ (g)) = ttq (g) ; ^(./t (?))|t=o = ^(?) where Y is the 
equivariant vector field on Qm '■ 

YeAo (TQm) ■.Y{q)= [K%q)Ka{q), 9" (q) 6^ (g)) 

with : {k-{^q (m, (s, «))), 9' {^q (m, (s, «)))) = ([Arf.-i]: k'' (m) , ^ (m)) 

Y is the infinitesimal generator of '■ Jt (?) = ^xp tY (g) . Equivariant 
vector fields on Qm are described in the vector bundle Fm '■ 

(^(pQ{m,{l,l)) , (K{m) ,9{m)^^ - (fg {m,{s,uy^) , (AdsK{m) ,Adu9{m) 

3) We have similar results for the gauge transformations on the fiber bundle 
J^Fm — )■ Fm ■ A one parameter group of gauge transformations is such that 
: Jr (g, o J^, (^G, = Jr+r' (g, A^ which is met by 

Jr (g, i) = (^Ad^^rit (Ga " t9„"^) , Ad^^^^-^ (A^ - rd^t^^ 
£Jr{g{m),A{m))\r=o 

= ( exp T~^, Ga - rda'^] +-^{Ga- Tda~^) , 

exp r"?, A« - rd^'t] + i [a^ - rdj) ) |,=o 

— (m) , Ga] — dalt, ~i (m) , A^ — da~^^ 

= (^{GIk" (m) Gl - daK^) Ka, {^0^,9' (m) - dj^^ 9a) 
where the brackets are on the respective Lie algebras. 
Thus this kind of gauge transformation can be parametrized in Qm and 
in Fm by a section of J^Fm '■ 

(■M^ J^Fm "C (m) = (k" (m) , 9'' (m) , (m) , dj'' (m)) . 

4) The gauge transformations induced by k act on G which is real valued. 
But A is c-valued, so to be consistent one must allow 9 to be c-valued, and 
extend TiU to its complexified as well as the representation {W,x) to a 
representation of Uc- 9 and its partial derivatives are then complex valued 
and exp t9 is well defined. 

It is clear that by proceeding this way one addresses specific gauge trans- 
formations (only those that can be represented by one parameter group), and 
so one does not cover all the constraints on the lagrangian. 
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5.2 Gauge transformations in J^Z 



The next step is to describe how these gauge transformations act on the 
configuration space. At first we will describe the diffeomorphisms on J^Z, 
as it is a prerequisite for variational calculus. 

1) A fibcrcd isomorphism $ : JZ — )■ JZ is such that there is an iso- 
morphism $0 • ^ ~^ ^ with TT o $ = $0 ° where tt is the projection 
JZ ^ M . Its extension : J^Z J^Z is defined by : {jl^z) = 
^l>o(m) ° -2 ° ^0 ^ ("^)) section z on JZ. A lagrangian is invariant 
by an automorphism $ : JZ — )■ JZ if (£roo) = £ct7o. Here Wq is the 
4-form derived from a holonomic chart : vdq — dx^ /\ dx^ A dx^ A dx^ 

2) As above one focuses on one parameter groups of diffeomorphisms, with 
vector fields generators. A vector field on JZ is written : Y — y^Sa + y^Si 
where the basis vectors 5q, 5i and the components depend on the point 
z G JZ. Y is a projectable vector field if tt' [z) F is a vector field on 
M. Its components depend on m only. Its flow is a fibered diffeomor- 
phism ■ JZ ^ JZ :: j^^X {z)\r=Q = Y {z) (because : t: {^X i^)) = 
exprX (tt (2;))) which can be extended on J^Z by the same procedure as 
above : j^^X Um^) — jl>x(^rn) i^T ° ^° ^-T ("^)) -The one parameter group 
j^^X generator the vector field j^Y on J^Z defined by : j^Y (j'^-z) = 
A (jm^)) |r=o for any section z on JZ. Its components are : 

j'Y = Y'^5^ + Y% + (IP + §:zi - 4^) 5r (Kolar [14] p.360). 
One can write : j^^X (jm^) = (jm^) 

j^z takes its value in ]Ri6m+32 variation is computed as : 

*f ^ UL^) - jL^ = r UL^) lr=o) + TO (r) = rj'Y {j^z) + to (r) 

with lim^^o o (r) = 

The diffeomorphism j^^X acting on j^z changes the value of a lagrangian 

The derivative ^ (^^^X^ {jl^z)* Czuoj \r=o = {j^z)* £jiYCwQ is the Lie 
derivative £jiy£roo of Cvjq along the vector field J^Y. A lagrangian Cwq is 
invariant by j^^X i^jiy^C^o = 0. 
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M 



3) A one parameter group of diffeomorphism can be defined by any pro- 
jectable vector field Y on JZ (this is part of the basics of variational calculus) 
but conversely if we are given a one parameter group of diffeomorphisms we 
can compute its generator. We have seen previously that a one parameter 
group of gauge transformations : 

q = ipQ {m, (1, 1)) q = Lpq ^m, (^exprlt (m) ,expr"^ (m)j ^ .on Q 

can be parametrized by a section 

C e Ao (J^Fm) : C{m) = {-k^ (m) , -9^ (m) , -daH^ (m) , -da9^ (m)) . 

We know how such a group acts on each variable. This is a fibered 
map with a vertical vector field Y (the component along 5a is null) as 
generator,computed by : Y {Z) ^ £<^^ (Z) \r=o = |:^(t) |^=o 

We will denote : 

Y = {Y%) 

iZ) = (r) |.=o 

4) We have already seen the action of ( on the potentials : 

For G : _ 

(Ea^a"^a) |r=0 
= i (^^M^) (Ea (<^a - ^5a«") ^a)) |r=0 = ([^, G^ " Q^k'^) ^„ 

For A we must compute the real and imaginary parts of the components 
(the structure coefficients C^c are real) : 

|: Re A« I ^=0 = C^^ (Re 9^ Re - Im 9^ Im A{J - Re dj"" 

£ Im 1^ 1^=0 = (Re Im + Im 9^ Re i^) - Im dj'' 
yRels = (^C'a (Rc^^'Rei^ - Im^^lmi^) - Rccl^^") 
yimi" ^ J^(-ya (^Re^''Imi^ + Im^''Rei^) -Ima„r) 
For O' : 
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5) The variables in Lm depend on / . The gauge transformation acts 
with the values of the parameters as they are at the point / (to) : k'^ (to) = 
Ko f (to) , 9^ (m) = 9 o f (m) and wc have for ip"-^ , A^, G^, O'^ : 
Z (/(to)) ^ Z (/(to)) = (Z (/ (to))) 

^ y (Z (7(m))) = 1:$^ (Z (7(m))) |.=o 

So the previous formulas stand if we consider the values fZ — Z^ 
For ijj : 



Okl 



^ijo ^i^o^Y^ki [P (expr^^)]', [x (expr"?^)] ' i 

ir\r=o = [p' o r (1) {-^o) ® 1 + 1 ® x' (1) (^")) 

= Re ([k„]^ ^^^^■) + Re Re ([^„]^^ V^^*) - Im Im ([^J^^ V'^''^) 
|:ImVA}|,=o 

= Im ([«;„]'^ V**'^') + Re Im ([^j{ V*'*') + Im Re ([^a]{ V^''') 

- Ea '^^'^ Re (K] [V'D; + Re ^0" Re ( [V^] [^a]*); - Im Im ( [i^O] %]% 

y Im ip'-^ 

= E„'^^''Im(K] [V'1);. + Re^0Mm([V^0] [^jT. + Im^O"^ Re ([V'O] [^J*) 



6) The vector Y has an extention on J^Z : j^Y — {Y,dpY) parametrized 
by j^C = (C) Cai C^) ^ ^qJ'^Fm- Its components can be computed from the 
general formula above, but here a direct approach is easier. Let be the one 
parameter group generated by Y. It is a vertical vector, so $o = Id and its 
extension is for a section Z Um^) = 3m (^r ° Z) ^ (z (r)) . So the 

components d^z are computed by the partial derivatives of the components 
of Y : 



Y^{Zim),Cim)) = £{z^ (m,r))|.=o 

= Tr (^"^ ^)) 1-0 = (|: ^)) lr=o) = d^Y' {Z (to) , C (m)) 
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For the variables depending on / the evaluation is still done in / (m) so 
the partial derivatives of / are discarded. 



a) For A : daAp 

= (9« (Ad^)) (i^ - d^e^ + Adu (do^A^ - d^^e) 



rdaO, Ap — rdpiO 



with the general formula : {^Ad^^^_^-f^ = Ad^^^^-f o ad {da (tO)) 



expr"^ 



A 

dr 

d 



+ 



dJ.Ap 



i a — 

(Re dj^ Re - Im dj^ Im + Re Re a^i^ - Im Im d^A"^ -Re 

la — 

(^Re aa^'' Im + Im 9^^^ Re + Re Im + Im ^'^ Re daA"^ - 



b) For G : daGj^ = Ad^(^s) {[TdaH, — tO^k] + — rda^n) 



Ga 
a 



Ya — -T-daGg\T-=o — K, GlJ)aG% + 8^1^ G^^Gq — dapK'"' 



c) For O' : d^O'^ = (rdaK^ [(/x (expr/s:))];, [kJ;) 0'^ + [{i^ (exprfi;))]; 9^0^^ 



Ya' = |:aaO'^|,=o = ^a/^" [Ha]] O'^ + [Kat daO'^ 



d) For ij : dai^^^' = Eairidaf^n [p {exprK%K]l [x (expr^^)]; 

+T{dae^) [p {expTKO)]l [x (expr^^)]^[^JfV'^ 

+ [p{expTK'>)]l [x [expre^daiJ^"') 

Y^"^" = Ea Re (K] [dai^O] y. + daK^^ Re (K] [9,^'^] ); 

+ Re^0«Re([9aV'^] + Re9„^0'^Re ([V'^j 
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- Im Im ( [dai^O] [9a]y. - Im djO^ Im ( [t/jO] ^ 
yimr^ = E„ Im ([«:a] [^^^O] );. + 9««:0" Im );. 
+ Re Im ( [S^t/^^] [^J*) J + Re 9„^0« Im ( [V*] [^a]*) J 
+ Im Re ( [daiJ^] [9afy. + Im dj^'' Re ( [^/-^j [9afy. 



•^0^=0 



5.3 Equi variance conditions 

The Lie derivative of the lagrangian must be null under a gauge transforma- 
tion. A direct computation gives : 

_ fsr^ dCM dz<>' I I SCm dd^z^^ I < dCp^dZ^] , dCp dd^Z^ I \„ 

— \^Z^j (ir lr=0 -r QQ^^i |r=0-r Qzi dr k=0 "T qq^z^ dr \'r=0 J "^0 

By definition : 

Cm depends on / and not so for all J^C we must have the identities : 

E. (z, c) + E„ fer^ {z, C) = 
E^^YHz,0 + E..&Y:izx) = o 

Some of the variables can appear explicitly or through an other one. In 
order to avoid confusion we will use the following conventions : 

-^^i such as d-^^^ij , rffl ReV'^j ' ••■ denotes the full partial derivatives 
with respect to the variables z*, 2;^ 

a/ i such as li,- 1 p •■■ deuotes the partial derivatives with 
respect to the variables , 2;^ only when they appear explicitly 
So the previous identities read : 

E.^YHzx) + EalB^Y^iz,o = o 
E^^Y^izx) + EaM^YJ,{zx) = o 

5.3.1 Lagrangien jCp 

We address first the lagrangian Cp. 

1) 
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The terms in the second order in give : 

Va, /3, a : = -jrr^ + ; = — — ^ + 



dC F dC F 

= ^ + 



dd/slmA^ ddalmA'h 



(17) 
(18) 



where we use : dpaK'^ — dapn^, d^a^^ — dap9^ 

So the partial derivatives are antisymmetric in daG"^, daA'^ as could be 
expected. 



The terms in the first order in daH"' give : 

dCF 



ya, a : 



dC 



' dG"i ^ 4:- dd^Gi 



[^-^^]'+E^(N[oi)^ (19) 



The terms in the first order in daO'^ give : 



Va, a : 



dC, 



dReA 



dCi 



dR^d^A^ 



T-Re 



Q a, Ap 



+ 



dCj 



dlmd^A] 



Im 



^ a, Ajj 



(20) 



Va, a : 



Aa ^ 



dC, 



dlTnAl ^ dRe^aAj 



— Im 



— Re 



9 a, Ai3 



(21) 



where we use the fact that ^ 6' „ j is a real basis and the structure coeffi- 
cients 6*5^ arc real : 



Re 



7a, Ap] = Re Ee (^L^^) = Ec ^ac Re 



The terms in give : 



(22) 
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The terms in 6"' give 



(23) 



Va : = ^ 
E 



Re 



dCf 



Re 



1 b 



1 



6* a, <9/3ylQ, 



+ 
+ 



Im 



dim A^!, 



1 b 



+ 



a, dp^a 



1 b 



(24) 



Va : = E 



Im 



- Im 

(9Re 



— )■ ^ ■ 

6' a, <9/3^a 



dz;r 



dlraAi 



Re 



+ 



1 6 



Re 



2) Let be F^,^ = 5„G/3 + 
By changing the variables : 

the equation [T7] gives, when renaming the new lagrangian : 



Va, P,b:^ 



+ 



+ 



with the reversion of a, /3 : 



dT^ 



+ 



+ 



dT^ 



and adding the two : 2 



pa 



pa 



dC'p 
dT^ 

dC'p 
dF'' 
dC'p 



+ 



dC'p 
dT^ 



dC'p 
dF'' 











We have a similar calculation for A. The first result is that the partial 
derivatives of the potential G and A factorize through the curvature forms 



dC, 



dC, 



dd^Gl 



dT°- 



(25) 



dC) 



d Re daA 



dCf 



dCf 



dC, 



dRedfsA^ dReJ^^^ dlmd^A'^p 



dC, 



dlmdfsAl 



dC, 



dlmj^^^ 



(26) 
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3) Equation Uni becomes : 

Va, « : -§| + 2 E,, ^ [^a, G,t + E,. ^ {[na] m; = 
But J-^,^ = d,G'^ - d,Gi + Gl,GlGl so 



•a ' 



bcdXfi dF, 



{G'JcS'iGi + G\,G15^,5'^) 

_F_i_V^ dCp ( r~<b r^d\ I dCp f t^b /^c\ dCp \ o ST^ dCp f /^b r^c\ 

lb 



dCp 

dG- - 

Thus : 



dCp I 9 dCp [T^ r< 

aG% ^ ^ ^bfi dT^^^ V>^a-,^t 



Va, a : 



dG 



Pi 



dd^O', 



([^a] [0% 



(27) 



So the second result is that Cp does not depend exphcitly on G if it does 
not depend on the partial derivatives daO'p. 
Equation [20] becomes : 



Va, a : 
But 



dCr. 



dReA 



dCp 
dReT>'„ 

ap 



Re 



+ 



dCp 
dlmT^ 

ap 



Im 



t,.. A, 







Re J-^,^ = Re dxA^ - Re d,Ai + C^, (Rc Al Re A^ - Im Im A^ 



Im^A^^ 



with 



0£f 



C^^rf ( Re Al Im i;^ + Im Al Re i'^ 



dCp ^Rg-^GAM 



dCp dCp 



a ~^Yl,b\^l dReT^^^ dG% 



+ 



dCp 9I"^-^gam 



dReA% 
dCp 



aReA^ 



Ga/3 



dReAg SReA^ 

That is : Va, a : 

' a Re 



bfS dReJ-^^^ 



Re 



^^^^Cilm> 

Gq/3 

+ ^T^4^Im 



dim J"^^ 



6' a, A^ 







Similarly equation [2T] gives : 
Va,a : -77^ + 2 V. Im 

dCp dCp 



^ + 2y 



bfi 



a/3 

dCp 



'ta,A, 



+ 



dCp 
dim 

ap 



Re 



6' a, A^ 



Im 



6' a, A/3 



+ 



dCp 



Re 



= 

6' a, 



dImAg aimA; 
aimAg 

The third result is that A factorizes through the curvature form J^a- 



Va, a : 



dCf 



dCf 



(9Im A% 



(28) 
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4) Equation can be written : 

V« : = E.. (if + 2 Wt, ^/^l') ^"/^^^ ^ ^-^/^]' 

Va : = 2 ([[^a, , G^,] + fi^ G^]" 

+ Zlij Z^a (if Gq + l^O^^H^'i) 

J2a8b ([["^a, G^] , G/?] + ["^a, S^G;?]) 

^ Gap. 

= Zlb Q<« ^ti^ ([["^a; Go] , G/3] + ["^a, C^aG/?] — [["fit's, G^] , G^] — ["^a, C^/jGa]) 

The brackets are computed in the Lie algebra. The Jacobi identities give 

[[^a, G„] , G^] + [[G„, Gf,\ , + [[G^, , GJ = 

[[T^Q, Go] , G/3] — [["^a, G/3] , Ga] = [["^a, Gq] , G^] + [[G/3, "^a] , G^] = — [[G^, G^] , "fi^"a] 

([[7^„, G„] , Gfi\ + [7^,, 9„G;,] - [[7^,, G^] , GJ - [7^,, a^GJ) 

= ["^a, [Gq, G/j]] + ["fi^"a, SciG/j] — ["^a, ^/jG^] = ['fi^"a, T Qa/?] 

E«/3f) d^:^ ([["^a' GJ , G/3] + ["fi^a, daGfi\) = J2b,a,l3 [^cl, Gaff] 

^ Gap ' Gap 

So equation |22] reads : 



(29) 



Va : = E.. (if [^a, G^t + 2 ^ [^a, 



+ l^alj Ea (dof^a + ddpO'i'^P^a 



Remark : with ^^^^^tt^ = Of det O' 



E„,. if ([^J [0'])1 = E„,. (det 00 if ([^J [0'])1+L^ ([^J [0'])1 or det O' 
= det O' E.,. if ([^a] [O']):, + L,Tr [n^] = det O' E.,. if ([^J [0'])L 
(the matrices [ traceless) .So the equation [29] stands also with 

substituting Lp to Cp- 



5) Equation [23] becomes : 
Va:0 = 2E^( 



dRer 



Re 



AaP 



+ 



9Lf 



Im 



6' 6, A/3 



Re 



dai Aa 



+2E, 



dRcr 



Im 



Aq/3 



+ 



Re 



Aa/3 



6* bi 



Im 



^ a; Aa 
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o dLp 

that is : 

o = E 



Re 



— )■ 

— Re 



) dLp 



Im 



— )■ 

6 „. daAr 



dLf 



Im 



Gap 



and the same ca' 



t A 



.A, 



'ta.dpA, 



a, dpAa 
b 



culation as previously gives : 



Va : 



E 



dLf 



Re 



-t. 



+ 



c im ^^Q^ 



Im 



Aalz 



(30) 



Similar calculation with equation |2l] gives : 



Va : 



Im 



Re 



^ ai-F Aalz 



(31) 



5.3.2 Lagrangian £ 



The partial derivatives of G and A appear only in the curvature forms, and 
these only in the interactions fields/fields, so it is legitimate to assume that 
Lm does not depend on these variables : 



0; 



We proceed as above. 



0; 







1) Terms in first order in (9qK" give : 



(32) 

V«, « : = E., Re ([«:.] [^0]);. + Im (M [^0]); - ^) 
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Terms in first order in 9^^" give 



Va, a : = y f J^^" Re ( [V'^l [^a]*)' + J^^ Im ( ^ %]% - 

(33) 



Va, a : = y f Im ( W [e,f)\ - ^ ^^j^,.. Re ( [V^^l + 

^ ydRedaip':) VL'^JL^Jyj dIm9«V'^ VL"^ J L »J dlmi« 

(34) 

Terms in give : 



(35) 

V« : = E., ^ Re ([/.J M)j + ^ Im ([/..] [^]);. 
+ E«., Re [9„^]);. + Im {[k^] [d^] 

+ ^ [^a, + ^ ([^a] [0'])L + {[K.] [0']t 



Terms in 6"" give : 



(36) 



V« : = E., ^ Re (M [^„]*);. + Re ([a„^] 

6 



. lb . . - ' - >■ 



(37) 

V« : = E., Im m [9a]% - Im {[d^^] %]% 
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I dC-M 
(9 Im V'J' 



+ V ^^A^ Im 



_j_ UL.M 



2) By changing the variables : 

Re d^i,^^ ^ Re V,V^- (g^ Re [^]);. + Re Re ([^] [^J*) J - Im A» Im ([V-] [^a]*)^) 

Ima„V^^^ ^ Im V^.V'- Im (M • + Re Im ([^] + Im A» Re ([V-] [^a]*)^) 

and expressing Cm as £/m with these new arguments it comes : 

^ = It + s,- (^z^ Re (M [^0]); + Im (M [^0]);) 

Equation [32] gives : 



v--i|-E;|%(I-llo'l)^ (38) 

G factorizes through the covariant derivative if Cm does not depend on 
Equations |33] , |3l] give : 



^^ = 0;^^ = (39) 
9Re/l^ 9ImA^ 

A factorizes through the covariant derivative. 



3) With : 



dUe'Vcttp 



Re 

d Im 9 Im xp'-^ 



A _|_ dLM T™ 

+ E, — ^ 



Im 



Im [G„j . 



"'fe k 
^ + dlmvlV*:^" ^e 
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Im 



+ 



dC 



M 



dim VaV""* 

-•J 

Thus the 3 equations left give : 



Re 



i _|_ dCm 
j dlmtp^i 



+ E.. ^ [^a, + E,. S ([^a] + ^ [0']t = 



(40) 

+ Eab Icf" ["'^1' + Ey ['^alj Eia/3 + 'M^^P^'i 



Va : = E 



5L 



M 



Re 



Re ([Va^] [^„]*); 



^Im([V,^] [Oa]') 



dim VaV" 



3 



(41) 



Va : = E 



9L, 



Im 



Re 



dReV 



^ Im ([V.V'] [^a]*); + Re ([V„^] 



[Oaf) 



j 



t\i- 
j 



(42) 



6 COVARIANCE 

Covariance needs that the lagrangian be^invariant under a change of the map 
of the underlying manifold. The map / : Q — > Q is not affected in such an 
operation. 

One can proceed as in the previous section, but the group involved in 
covariance is the group of general diffeomorphisms on M, it would be quite 
restrictive to reduce it to some one parameter group. Moreover the traditional 
way is simple and gives some results which will prove very useful. So we follow 
the general method as presented in Lovelock [18]. 
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1) A change of chart is a coordinates transformation ^ — F char- 
acterized by the jacobian Jg (m) — ^ — [F' (m)]^ whose matrix is in GL(4). 

We denote its inverse matrix K — . It induces the following transforma- 
tions : 

dx"" dx = Kpdx^ 
vdq ^ wq — (det K) Wo 

on vector fields on M : X'^d^ = X'^da ^ X"" ^ K^X^ 
on forms on M : = X^d^ ^ X^ ^ J^Xp 

J^Z is identical to JZ ® TV* = L {TV; JZ) so the transformations on 
J^Z are deduced from the transformations on TM. 

ip is unchanged, all the other quantities are vectors and 1 or 2 forms : 

O'l d'l = Op^ det O' det 3' = det J det O' 

daG'^p daG"^ = J^J'^dxG'^^ 
and also : 

ira _i. TTa _ 7A tM TCa 
•^A,aP ^ ''^A.aP ~ a"^ 0-^ A,\ij, 

-pa v -ra tA tM TTa 

•^G,a/3 ~^ -^0,0/3 — '^a'^lS'^GM 

'pa > -pa jX pa 

A,ap ~^ '^A,a/3 — A,\ij. 

J and K being real matrix all the formula stand for real and imaginary 
quantities. ^ 

/ : Q — )■ is unchanged and the variables (2;*^,^^^) = /* {z\zl^) trans- 
form as (z*, z^) . 

2) We have for the 4-form on M : 

{NLm + Lp) Wi = {NLm + Lf) det O'wo 
(nLm + ^f) det O' 
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= [NLm + LFj det J det K det O'wq 

= (^NLm + £f) det O'wo 

{NLm + Lf) = [nLm + £f) 

/ acts only on the first part, so we must have the two identities : 

Lm {z\ zD = Lm 2^) 
Lf {z\z:^) = Lf {z^X) 

Lm (v", Re#^ Im#^ Re9„#^ Imd^^'^, G^, Re A^, Im A^, O^, d^O'^ 

^LuiK^V^, Re , Im t/^^^' , J,^ Rc ^a^/'*-'' , Im dxi^'^ , Ja^l, 

Re A-, Im A^, O^' J,^ J^J^xO;) 
Lf (g^, 9,G^, Re A^, Im A^, Re9«A«, Im9„A^, Of, ^^jOf) 



J^^ Im a^A" , , Op^, J^JpxO'^) 
3) By differentiating with respect to one gets the identities : 

dGl^JT dReAl dJ^ dim A- dJ^ 

dO'i dJ^ ^ ddxOj: dJi 
Va, ^ : = V #i (-KlKf'V^')+y2i , ^^-^ Re dai^'^^ Im 



+ V ^^G^ + ^^ReA" + ^^ImA^ + 



ddcO^^ ^ 1^ ' ddxOi^ 

and 



''^^ ydRcdxA-^ 

dZpdJ^O'^ ^ dlp^ djiJUdjO',^ ^ 

dO'i dJ^ ^^'n ddxOi; dJi J 
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4) By differentiating witfi respect to tfie original arguments one gets 
^ = wfiicfi reads : 

az^ oz^ oz'- ^ ^ ^ 

cILm — dLM dV'=' _ dlM Lr0 ^ _ dLM jfS 

dV" dVl^ dV" dVP di?" Z-^P'dyF'^oi 



dLM dLM . dLM dLM 



dLM \ ^ 7a . dLM \ ^ lo. dL 



dLM jcxdLM. dLjp jcx-dLp 

dG- - -^A acg ~ -^A ^ 

dL^ jcx dLjM . '^^F ja dLp_ 

dO'i - "^A dOg - ^Q/i 

dLM TO t3 dLM . dLp ja t3 dLf 



ja J 13 dL M . dLp ja t/3 



ddfi O'i ^ ddt^O'^' ddfsO'^ >^ dd^O'^ 

dLp J°' '^^Ji—-^ • i^-^F _ ja jl3 __dLF_ 



Some of these peirtial derivatives transform cis composants of 
tensors, and tfierefore we can introduce tfie corresponding tensorial objects 

:7#Ti7, are functions over M 

are components of a one form field: j^dx" 
dRe^dar^ ' dimd^r^ ' ^ components of vector fields : 

E <^^M A __dLM^f) sr^ dLM f) Sr^ dLp Q ^Lm q 

dLp dLp dLp 



^ are components of anti-symmetric bi- vector fields 



d|%' 4% components of bi-tensor fields : ^a/? ^^^^(^dfs, Ea/3 sfe' 



But the quantities such as ^eto' ^ '^^^ — det O' are not tensorial. 

A, a/3 -4, a/3 
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5) By putting = (5^ we see that the values of the partial derivatives are 
unchanged. So the two previous identities give : 



(43) 

Va, /3 : = -f^r- + E,, Re 0,^' + Im 0,^^ 



(44) 



6) By proceeding to the same calculations with the lagrangians : 
Lm (Re V^^^ Im ^P'^, Re V«^^^ Im V„7/;^^ G^, Oj,, ^^O^O , 
LiT' (Re J^^^^, Im J'l J'g^,^^, Of, ^/jO^') 
one can check that the following quantities are tensorial : 

aR?vI^?J' Silvia are components of vector fields : E. o^^da, Ea oii^^^^ 
Q-^J"/a — , Qi^jra — , gia'' src compoucuts of anti-symmetric bi- vector fields 

Ea/3 dKeF^^p^'^ ^ ^Z^' Ea/3 aimJ^^,^^" ^ "^Z?' Ea/3 alf^^" ^ 



7) With the identities from the previous section the two equations HSP^ 
become : 



(45) 

Va,/3 : = -f^r- + E,, (^R^Re V,^^^- + ^T^ImV,#^) 
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I rig I dLM_/^H I dLM ( f) i (ILm (p)„r>'i\ 



(46) 

+ E„ + if of + Jfe (^a03"+ ^ (a,oiO 
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Part III 

LAGRANGE EQUATIONS 



7 PRINCIPLES 

Functions for which the action is stationary are given by the standard varia- 
tional calculus, in the form of the Euler-Lagrange equations. We will review 
them below. But our problem is more complicated due to the / map, which 
needs the use of functional derivatives techniques. 

7.1 Variational calculus 

1) We have seen previously how a projectable vector field on JZ is the 
generator of a one parameter group which can be extended to J^Z . 
The group ^ induces a deformation of a section j^Z on J^Z : j^Z — > 

^ (j^Z) and of the value of the lagrangian and action : 

j'Z*jrwo^{^i'''(j'Z)yjCwo 

S (Z) = ij^Zy Czuo ^ S (r, Y) = ($f ^ (j^Z)) * Cuj^ 

For Y fixed S (r, Y) is a function of the scalar r. By derivation with 
respect to r in r = one gets the variational derivative of JC along Y : 

iS{T,Y)\r=o = Li{{:^rij'Z)yCzUo) \r=0 = {j' Z)* £ CzUo 

where £jiy>Cci7o is the Lie derivative of jCzuq along the field J^Y. 

The solutions of the variational problem are taken as the sections Z such 
that S is stationary for any projectable vector field Y with support included 
in Q, that is : -^S{t, Y)\t=o = or {j^Z)* £jiy>Cct7o — 0. 

2) The first variation formula of variational calculus gives the value of this 
Lie derivative (Giachetta [5] p. 75, Krupka [15]) : 

£jiYJCwo = J2 Y'EiWo + hd (ijiY^L) (47) 

i 

where 

Ql — J^'^o + A id^zuo is the Poincare-Cartan Lepage equivalent of 

the lagrangian, with ot* = {dz^ — zl.d^") 
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Ei^B- ELi 4^ (ft) ; ^ = ^i^' ^ ^0 is the Euler-Lagrange form 
h is the horizontahzation, an exterior product preserving morphism : 

h : Aq{rZ; R) Af (J'+^Z; R) q>0,r>0 

such that for a section Z C AqJZ and p € Aq{J'^Z; R): 

3) Thus the variational derivative computes as : 

£siT, r)|,=o = In U'zy £^,yCzu^ = {j^zy (y^e^wo + hd (i.iye^)) 

But {j^Zy hdiijiy^L) = JijZ*dijiYQL = Jg^ZHjiyOL = with the 
Stockes theorem if Y is compactly supported 
So for the solutions: 

vy^ : is{T, r)|.=o = L ifzy y^e.^o -o^e, = g-ELi ^ (ft) = 



and we have the Euler-Lagrange equations: 

aC_V^n d { dc \ _ n 
dzi Z^a=l di" \dzi) " 

4) This classical method can be implemented for the "field part" Cp oi our 
lagrangian, but in the " matter part" Cm the map / does not fit well. So we 
tackle the problem through the method of functional derivatives. 

7.2 Functional derivatives 

1) Let A be a set of scalar valued functions endowed with a Banach vector 
space structure. A functional is a continuous operator : S : A ^ The 
general theory of derivatives can be fully implemented. The functional deriva- 
tive of S at f is a hnear map (f) : A — >■ C such that for any infinitesimal 

Sf : S{f + 5f) - S{f) = f (/) (Sf) + o {6f) \\5f\\ 

It is computed easily by |j {6f) — -^S{f + rSf )\t-=o where Sf is a com- 
pactly supported function. |j is a distribution if it is continuous. We have 
the usual theorems and properties of derivatives with some caution because 
the product of two distributions is not defined. What matters is not the 
domain where the function are defined, but the codomain, where they take 
their value : the theory is legitimate as long as A is a Banach vector space, 
such that functions can be added together. 
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2) If both F and f belong to A, the chain rule gives : % {F o f) ^ ^ {F o f) ^ 
. As the product of the function ^ by the distribution |p (F) is well de- 
fined : fj (F o /) {5f) = %%{Fo f) {5f) . One can compute the deriva- 
tives simultaneously with respect to F and f. Let us consider the function 

: (j) (ti, T2) = S ((F -|- TiSF) o [f + T2df)) and its partial derivatives with re- 
spect to Ti, T2 in Ti = 0, r2 = 0. That is : 

SS^S {{F + nSF) o if + T2Sf)) - >S (F o /) = (n, T2) - (0, 0) 

= (^ln,r2=o) n + (^|ri,r2=o) T2 + 0(ti,T2)(|ti| + IT2I) 
ft ln=0 = §{Fo{f + T2Sf)) {SF O if + T2Sf)) 

^^M,r.^0-f§{Fof)5f 

Thus :SS^§{Fof) nS {F o /)+f f {F o f) T2 {Sf)+o (n, r2) + \t2\) 
The functional derivative of S with respect to F o / is : ||- = |^ (F o /) ; 
and the functional derivative of S with respect to f is : ^ — {F o f) 

Now if (F o /, /) we have by the same calculation : 
SS = SiiF + n6F) o (/ + T26f) , / + T26f) - S {F o f) 
ft |.,=o = If (F o (/ + r2Sf)) {5F o (/ + r25f) , / + r2Sf) 

Br.,r,=0 = § {{F O f) J) S{F of) 

ft l-.=o = f i ((^ + ri5F) o /, /) 5/ + If ((F + nSF) o f, f) 5f 

^ ft ln,r.=o = f f (F o /, /) 5/ + If (F o /, /) Sf 

The functional derivative of S with respect to F o / is : |p- = |f (F o /) ; 
and the functional derivative of S with respect to f is : {F o f. f) + 

Ij (F o /, /) where the last term is the functional derivative for f as a stand 
alone function. 

3) Let us come back to our problem. JZ is a vector bundle, a section is 
valued in Ri6m+36^ ji^ jg g^^g^ vector space and we will assume that we 
restrict ourselves to some set H G AqJ^Z oi bounded, differentiable func- 
tions, endowed with a metric so that H is some Banach vector space. The 
functional derivative in j^Z of a functional : 5 : if ^ M is a continu- 
ous linear map : U e L{H;M.) such that for any infinitesimal variation 

j'5Z^[{6z\6z:^\^]eJ'Z: 

S{z' + 5z\ 4 + 5zD - S{z\ 4) = U {5z\ 5zl) + o {5z\ 54) \\{5z\ 5zD\\ 
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For a section j^Z e if and the variation ^j^Z — (^z*, daSz'^) — j^5Z it 
reads : 

S{z'+6z\daz'+dJz')-S{z\daZ') = U{5z\dJz')+o{6z\dJz') \\{6z\djz')\\ 
that is : Sij^6Z) - SU^Z) = U (j^dZ) + oij'dZ) \\ij'6Z)\\ 
If 5j^Z is defined by a projectable vector field in each point m, we have 
for r e R : 

ji^Z = UiZyj^Z = r ^ if^Z) |.=o)+ro (r) = rfY {jIZ)+ 

TO ij) 

Therefore the functional derivative must meet the condition : 
S{<^i''\jlZ))-S{jlZ) = TUj^Y{jlZ) + To{T) 

The variational derivative is ■^S{t,Y)\t=q = J^{j^ Z)* V^EiUJo thus it 
can be associated with the functional derivative : 
g (fZ) = (fZ)* Ei such that : 

^ UiZ)) - S{jIZ) = r U'Zr Y^E^Wo + to (r) 
The variational derivative is nothing but the value of the functional 
derivative along a projectable vector field. Furthermore : 
§ U'Z) Y'zuo = ifZ)* £^.yCw^ 

4) To implement this method we need to come back to functions with 
codomain M". The trivialization oi Vt : ip^^ : S'(O) x [0,T] — )■ Vt stems from a 
chart : ipu : UqX [0, T] ^ fl where Uq is an open set in M^. Let us define the 
map : _ 
f:UoX [0,r] ^ C/o X [0,T] ■■ f = o f o <pu 

a = 0, 1, 23 : ?7" = /° {^^ , ^"^ , , t) are the coordinates at t of a particle 
whith coordinates (^^^^^^0) at t=0 and V" = ^ 

The matter part of the action is the functionnal (in putting V apart) 

Sm = InN{m) Lm (v, o f, z^^ o = 

fuox[o,T\ ° V^u) Lm z'fipu, zy^u) 
df ® dt 

= 4,[o,T] ° ^u) L z^ipuf, zl^ipuf) \detO' {ipuf)\ (0 de^'® 
d^^ (8) dt 

N is fixed and we have a functional of the composite function j^Z* = 
j^Z o / of the vector valued functions : / (^) and j^Z = ( (0 > ^ (0 ) ■ 



detO'(/(^[,) iOde^dC 
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5) For the field part of the action, which does not depend on f, the func- 
tional derivative is : 

6) For the matter part the functional derivatives are : 

a) For i>0 : (fZ-) = ^ {j^Z-) = (j^ZO) = ^ {j'ZO) - 

The quantities (•^^'^^)) ^^^^ be read with the total derivatives 

d ( dCM. (aI yO\\ ^ V dCM dz^ , OCm "^^^ 

dC« \dzl, yj ^ ) ) 1^3 dzidzi de« ^jP dz^pdzl d^" 

b) for f : 

as a stand alone function : 

5Sj!£ — _V jL ( 9£dd.\ = d_(dCM\ 

and composed with the other functions : 

5Sm (a'^70\ — ST^ dz' 5Sm ( 70\ d ( dCM_\ „.;j-r, . dz' _ a i 

7) The functional derivative of 5" = Sm + Sp is the sum of the functional 
derivatives : 

i > 



(48) 

and for f : 



We have furthermore for any projectable vector field Y: 



75 



8 LAGRANGE EQUATIONS 



8.1 Equation of state 

The equations for the state ip arc : 



dLM (det O 



V^,i : ^ = AT M (ZO) - ^ (iv M ^^gg^ (ZO)) 



With : 



I (^^M Rg 

dCM — dCM 



I ■'ip dCM Dp [/^ 1*: I dCM \r< ]k 

_ _ 7^ _ _ 



+ 



3 



dCM 
dlmVai/''*' 



Im 



d Im 9 Im i/'*-' 

dReVaV'''^ 



I dCM 



A: 



J '^'^M J5 



dd/jlmil^ii ~ dVjTmiiM 

we get the equations : 



+ E 



dC^ 



Re + 



dim Vci/'*'-'' 



dC^ 
dRe VcV** 



Re 



+ 



dim VaV'*'" 



Im 



Im [a 
S _ d f ddjj 

J Z^I3 d^ ydReV pipii 



(50) 



(51) 



V^, j : — + Eafc dRc vlV''^ "^"^ + dImv!,V^' "^"^ ^^^^ 

_ ^ d A 

d|^ \^dImVaV*^ y 



dReVaV'''^ 



dlmVaV'*' 



8.2 Gravitational equations 

The equations for the gravitational potential G are : 
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d£f dCp I <-) dCp f~i 1 



dCp 

'a / y 

dLp 



dL 



ddaG 



Gc0 



■p '^■^G\ti 



dLp 



dT? 



-^(Z(m)) 



r\_dCp_ 

"~^G0a 



sr^ dLp 



d3aG% 



which gives the equations : 



(52) 



Va, q; : = ^ 



dCj. 



dG% ' dG% 
dC 



+2E.(E.zif;[^.,G/ + a.(iJt;)) 



8.3 Equations for the other force fields 

The equations for the other potentials A are : 



1) 


Va, a 









with 




dC-M 








dCp 








dCp 




ddg Re A 



5S 



dC) 



SReA'i 



dReA 



dCf 



dReA^ 



dCr 



dC 



= 2 



dReV 

dCp 

dCp 



3 



Rc 



^ a, 



+ 



Im 



1 6 



we get the equation : 



Va, q; : = ( 



Re ([^] [^J*);. + ^,1^ Im ([^] 



(9£f 



3 



Re 



6* a, 



+ 



acp 



Im 



6* a, 



-5, 



(53) 



8£f 
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2) The second set of equations is : 



Va, a : 



5S 



8cy 



(5Im 



9ImA 



_ (Z W)-E. 9, (Mga^ (Z (m))) = 



dim 

dCp 



— — '^'^K + 2 



dim A; 

E 



' dKeJ^%, 



Im 



+ 

dCM 



Re 



dim VaV''-' 



Re 



and gives : 



(54) 



Va, a : = ( 



Im([^] [^J*) 



3 



dC 







9Im Va»/'*J 



.A, 



+ 



Re 



8.4 Frame equation 

The equations for O' are : 



d£ 



with C = A^L^j det O'* + Lp det O' 



55 



with ^^^^ = Of (det C) , L = VL\, + 



M 

dL I ^ar _ 1 \^ f d f -f/ dL det O' A A _ r. 
dOJj + '^i dctO' ^7 l^d?^ y dd^O'i ) ) ~^ 

multiplying by O'q and adding : 

^ ~ diFo^ Ei7 C'/^* (d|7 



dL det O' 

dd-yO'J: 



- Ei ^<^^*+<^^-^ det& 
^ \dO'i 



detO 



E 

FO^<^/3 E7 ( 



7 \^d^T d9^0; 
^t^^M ddetO 



^fdd-yO'Ji 

dd. 



fe^^detO') 



(55) 
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det O' ^7 V dd^O'i d^T dS^Og ^^^'^ ^ 



If the partial derivatives d^O'^ do not appear in the lagrangian we have 
the simple equation: 



8.5 Trajectory 



1) The equation for f is : 



j>0 V^a^ y 



d ( BCm \ 



SSI, ^O'b 
i,l3 SO'' df" 



,9' 9/° 



da Im , 



a/« 



da R-G ) 



all these partial derivatives being evaluated at j^Z^ — f*j^Z 
On shell we have : 



' S Im i/>*^ 



5S? 



+ 



0, 







+ 



5Sf 



SRcA 



0, 



SSf 



/3 

' <50'i 



SSf 







So we have two possible formulations for the equation. As does not 
involve f, it is simpler to take its derivatives whenever useful. 



2) i^U'ZO) 



d ( dCM \ 



(55f 
(5 Re A? 



+ 



aim J'' 



Im 



^ O) ^7 
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+d. 



7 I dKcT", 



- Im 



+ 



Re 



G/37 

jgf ^ dLf(detO') _d_ /dLp(detO0\ 

<50^' dO^' 2^7 \ da^O^^ y 

So on shell the equation is : 



C7 a, ^-y 



+2E„,7{S.(-aR!%;i- 



U ai ^7 



9/:, 



'7 Vaim^^ ,^ 



5almi^} 



+ (ac^ + 2 (^Sb 9Jc-6^ ["^a, 



a 



(9£, 



^ O) ^7 



.Sr- f dLpjdetO') d dLf (detO0 \\ o 

+ Ea, (if + 2 E7 ^7 (ait) + ^ t^'^^'^' ^-1")) 

f dLpidetO') dLf (detO') \\ ^/j 



daA'i]} 



Thus the equation is 



(56) 



f dLpidctO') 



d ( dLF{dctO') \\ r, 



+2E„,;37((^«Rei^) d, {a^ry) + [d^lmXi) d, ( 



__dCF_ 



Ea^ (i§|^"<^? + 2 E7 ((^aC^) a^ (^t) + sit '~^^]'')) 



d^Ap, A. 



d Im T 



daAf^, A. 



+ 
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9 NOETHER CURRENTS 



9.1 Principles 

For a one parameter group of diffeomorphisms with projectable vector field 
Y the Lie derivative is given by the formula ST] which is equivalent to the 
following (Krupka [15] p. 44): 

that is if Y is vertical (F" = 0) : 
£,ryCwo = {y'E, + ^ (gr^)) ^0 

were Ei (C) = - J^a-^^ (^) Lagrange forms 

and C = {VLm + Lp) det O'. 

On shell E, (£) = so ^ = 

The equivariance implies for any vertical vector field parametrized by a 
section ( of J^Em '■ 

^Y^ (z, c) + ff {z, = 
E, ^Y^ {z, + {z, = 

with (Z, C) = ^Y^ (Z, that is : E. B^' = - g^^^^' 

Thus the quantity E. {€) Y^ = E, B"^' " ^^,a Y'^^ (g) can be 
written : 

Ei Ei (C) Y' = — EjQ, {^§^Y^ + 1^*^ (^)) 

and on shell we get for any vertical field Y : Ea '§§'Y^^ = 0.. If 

one puts ( = (^—ita, — =Constant then for each generator of the gauge 

group Ei af^^* (^—~i^a, — is divergence free. But as we have seen only 
the partial derivatives such that ^f-, are components of vector fields, so 
going to the conclusion is not so straightforward. 

We will prove that both the gravitational equation and the equation for 
the other fields can be written in purely geometrical manner of the kind 
: zu^iY) = |(in where Y, the "Noether current", is a vector and 11 , the 
"superpotential", is a 2-form. 
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9.2 Noether currents for the gravitational field 

1) Let us fix 7?" = J2a a = Ct then the vector Y has the components : 

V is not involved, so : 



= E. (det O') {E., (^Sl^ Re ([/.J [^]);. + ^^Sl^ Im m 

+ E., '-^^^mi^ [-^a, G,t + E., ^^^^sf^ ([-J [0'])^^} 

with £ = {NLm + Lp) det O' 
And : 

d{N Lm+Lf) A /- dL M dL a?- ^Lm 

d(yLM+-^F) _ dLp{AetO') _ r)_dLp_ 
ddcGl ~ ddc,G% ~ dT^^i^ 

d{N Lm+Lf) _ a^ cILm i dip 
ddcO'^ ddcO'^ ddcO'^ 

So : 

E.fe>^^(^) 

= E. '^^ (det O') {E., iV (^^^ Re [^]);. + Im [^]);. 

+2 E.,, ^ [^a, G,]^ + E., (iV^ + ([-a] [O']);,} 

The identities [27|55] from the gauge equivariance read : 

" • act = Eij [l^a]) Y.I3 d|fo^<^/3 
VO, a . - 2^.^. [fiaj^. ^g^Qrt 

E. (^) 

= E. '^^ (det O') {E., N Re m] + Im [i,])] 

+2 Eb,/? ["^a, Gpf + + |||} 

But from the definition of the partial derivatives : 

dLF dLp I 



dLF dLp _|_ dLp '^■^GX/.i 

dG% - do- ^ Z^mA dT^ dG- 
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— Q^F I dLp '^{'^cd^x^i) _ dLp I 9 dLp r— ^ ^ 

- dG% ^fiX dT^.^^ dG% ~ dJ-b^^ [ a, ^ I3\ 

So fe^^ (^) = (det O') (iV^ + §|j = 

The gravitational equation [52] reads: 

va, « • - rfGg W \ddpG% J ~ 

so (^) = '^'^ (4 + E, 4. and on shell : 

: E. (E. (^)) = E. E., (4%) = because 

d£ I dC n 



^) '^'^^dd^G'^^'^ ~ di^G°" ~ '^ dj^'' ^'^^ components of the anti-symmetric 
bi-vector field : Zq = E{a/3} df^G°"^" ^ "^/^ "we can define the tensor : 
Zg = Ea,iap} Adp®^a = 2 Za,ian df^^" ^ ^ ^eware 

that here and in the following is defined in respect with J^^^a and the 2 
factor is needed when Zq is computed through -M^r—- 

We will compute the 2-form IIg = vd/^ [Zq) and its exterior differential. 
For this we first establish several formulas which will be extensively used in 
the following. 

So let be the 2 antisymmetric bi-vector field : Z = E{a/3} Z^^da A dp 
a) Yi = Wi {Z) = (E{„/3} Z'^^Qo. a 

^ = E.</3a ® - 9^ ® 9J 

roo (Z) 

= Eaiaaasao Sa</3 ^"^^ ("O, "l, "2, "s) 

(g) O (g da;°^ (S/j) - rfx^o (g dx^i (g dx^^ (S^?) (g dx"^ (5^,))} 

= Eaoai Ea</3 ^"'^ («0, «1, «, /?) C^a;"" ® rfx"^ + € («o, «1, «, /?) dx''<^ ® c/x"^ 

= 2 E,</3 Eaoai ^ («o, «i, «, /3) ® rfx"^ 
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n^w^lE^^^yZ-^d^Ad^) 

= 2 (det C) Ea<, E«<Aa ^"''e (A, a, P) dx>^ A 
Expressed in coordinates : 

n = -2 (det O') {Z^^dx^ A dx^ + Z^^dx-^ A dx^ + Z^^dx^ A cix^ 
+Z03da;2 A dx^ + Z^^dx^ A cix^ + Z^^dx^ A da;^} 

Notice the choice of indexes : all the formulas are much simpler with this 
one. Of course it is related to the table 1. 

b) Exterior derivative : dU 

dU = -2{d2 (Z^^ (det O')) dx^ Adx^ Adx^ + d^ (Z^^ (det O')) dx^ Adx^ Adx^ 
+di (Zi3 (det O')) dx^ A dx-° A dx^ + ^3 {Z^^ (det O')) dx^ A dx-^ A dx'^ 
+di (^21 (det O')) dx^ A dx^ A dx^ + 82 {Z^^ (det O')) dx^ A dx^ A dx^ 
+do {Z°^ (det O')) dx^ A dx^ A dx^ + 83 {Z°^ (det O')) dx^ A dx^ A dx^ 
+do (Z02 (det O')) dx^ A dx^ A dx^ + 82 {Z^l (det O')) dx^ A dx^ A dx^ 
+80 {Z^^ (det O')) dx^ A dx^ A dx^ + 81 (^01 (det O')) dx^ A dx^ A dx^} 
= -2{ 

- (^3 (^03 (det 0')) - d2 {Z^l (det O')) - 81 (Z^i (det O'))) dx^Adx^Adx^ 
+ {83 {Z^^ (det O')) + 82 {Z^^ (det O')) + 80 (Z^o (det O'))) dx^ A dx^ A dx^ 

- {83 (^23 (det O')) + 81 (Z21 (det O')) + 80 (^20 (det O'))) dx'^ A dx^ A dx^ 
+ (^2 (^32 (det O')) + 81 (Z^i (det O')) + 80 (^30 (det O'))) dx'' Adx' Adx^} 

dll = -2 Y.l=o Ej=o (-1)"^^ (5/3 {Z"^ detO')) dx^ A ... Ad^ A ... A dx^ 
which is conveniently written as : 

dU = d {w, {E{a0} Z-'d^ A 5^)) = -2^ E„ ^4 (E.;3 ^Z? (^"'^ ^Ct O') 5, 



c) Let us compute (^^7 ^-ydx'^j A 11 where X = E7 X^dx"' is a one- 
form: 

(E^x^dx^) An 

= -2 (det O') X^dx^^ A {Z^^dx^ A dx^ + Z^^dx-^ A dx^ 

+Z^^dx^ A dx^ + Z^^dx"^ A dx^ + Z^^dx^ A dx^ + Z^Hx^ A dx^} 
= -2 (det O') { 

- (ZO^Xa + ^02^2 + ZOi^i) dx^ A dx^ A dx^ 

+ (Z^^X^ + ^12x2 + Z^^Xo) dx^ A rfx2 A dx^ 

- (^23X3 + Z^^Xi + Z20Xo) dx^ A dx^ A dx^ 
+ (Z32X2 + Z^^Xi + Z^^Xo) dx^ A dx^ A dx^} 
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= -2 (det O') (-1)"*^^ E-y Z'^^X^dx'^ A ... A dx'^ A ... A dx^ 
where the symbol " over a variable denotes as usual that the variable 
shall be omitted. 

On the other hand : 

= (det O') Ea (-1)"^^ Z^'^'^X^dx^ A... Ada? A... A dx^ 
So one can write : 



^4 (Ea-y^^^^T^a) = "I {^^X^dx^^AU 



4) Prom these formulas we have : 



Hg = j ^l^^a A 9^ (8) I =2 J]] e (A, a, ^) -^^dx^Adx''®!^ a 

\a,{afi} " ^ / a</3,a " /3 

A</i 

(57) 

This is a 2-form on M valued in o(3,l) called superpotential. 
Hg = -2 (det O') Ea{^G^^^^^° A dx^ + Z^^^dx-^ A dx^ + Z^^^dx^ A dx^ + 
Z^^^dx^ A dx^ 

+Zf^dx^ A dx^ + Z^^^dx^ A dx^} ® 
And the exterior derivative : 

d^G = -2dic7 Ea ^4 [Ea^ d^) ® it a 

- -2 E„ Ea;,=o (-1)"^' (^) dx'^ A...Ad^-A...Adx'® ^„ 
5) ^ = E., N (^.^ Re ([/.J [^]);. + Im (K] [V^]);.) 

are the components of a tensor field : 

^G = l^ — -da ^ (58) 

a,a 

Yg is comprised of one part related to the particles (Lm) and one part 
related to the gravitational field {Lp). 
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6) Wc have : 
t^4 {Yg) 

= Ea ELo (-1)"^' A ... A rf^ A ... A ® 

= (det O') E« Eaia2a3r4 ^G^^ «2, «3, "4) dx^^ ®dx^^ ®dx'^^ ®dx''^ {d^) 

= (dct O') (-1)"^^ A ... A da;" A ... A dx^ 

So the gravitational equation Va, a : = — X]/? d^s' ^ d^Q" ) equiv- 
alent to : 

Ea ELo (-1)"^' A ... A A ... A ® 7^, 

= Ea ELo (-1)"^' E, 5/3 (4^) dx^A...Adr-A...Adx'® 

^4 (Ig) = - E„ ELo (-l)'^^' E;3 (^) cixOA...Ad^SA...Adx3®^„ 



^4(lG)=^dnG (59) 

As both quantities are tensors, this a fully geometric equation, which does 
not involve coordinates and can be substituted to the gravitational equation. 



7) The integral ^^^^^ dw^ (Yg) = J^f^^.^ ^d'^UG over the region delimited by 
S(0) and S(t) is null, but by Stockes theorem : J^^^^ dzu^ {Yg) = = Jq^^j.^ {Yg) 
. If Yg = on the rim of each S(t) the flux of the vector field Yg is conserved 
■ Ism ^^^^ " I Sit) ^4 {Yg) ■ 



8) With the various gauge constraints : 

Yg - E„jE., {jm^ R« ([-J + I- (Ki 

The equation can be written : 

V« : ^4 (Ea., N Re ([«„] + Im ([«„] [^])] + ^) d^) 

= idn^ - (2 Efe,;, [^a, G^]' 9,) 

^4 (2 E.,, ^ [^a, G,t a„) = ^4 [^a, G^]' 5«) 

--IE. {E^ [-^a,G^Uxf^)An'G 

So the conservation equation reads : 
Va : 
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= ic^n^ - (E;3 [^a, cia;/^) A 



9.3 Noether currents for the other fields 

We will proceed in the same way as above, with just one complication coming 
from the complex value of the quantities. 

1) Let us fix = J2a 

— Ct then the vector Y has the components : 
YRer^ = E„ Re e« Re ( [V'^] m')] - Im 9^ Im ( [V<>] m')] 
yimv-- ^ Re ^« Im ( [^0] [Oafy. + Im Re ( [^0] [^^J*) J 
yRe = Cfe^e (Re e'' Re - Im Im i^) 
y Im = (rq Im + Im Re i^) 

And : 

dC A /- dLM det O' . d£ Ay dL^ det O' 

dKeda-ip''^ ~ dRcVa'il'^i ' dlm^cV''^ ~ dlmVaV'^ 
ij£ O dLp dC r) o!Lf 

( 6* a j is a real basis of the complexified TiW^ = TiU (BiTiU with complex 

components. The set (^a, i^aj is a real basis of the real vector space TiW^ 
with the real components Re^'^,Im^'^. 
So we have to consider two quantities : 

= EJE.,^K^RerRe([^0] [^J*);. + ,^Rerim([^0] 
+ l^^^Sc Re 9^ Re + I- 

= E. (Re {E., iv^fei^ Re ( m mt+N'^^ Im ( [^0] 



+2E,,^fe^Re +^f;^lm 9^,A, } 



b 



dLp det O' 



6 



^6/3 dRe^^^„^ 

and 

= EJE,-iK^imrim([^^] [^J*);+;ni^if^i-rRc([^^] %f)] 
+ E., Im im + im Re A^} 

= E„(Imr){7VE, -i^Im([V^0] [9a]%+§^Re {[^0] [9^]% 
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G a, 



I dLp det O' T) 



I 9 dLp det O' 

That is, with the gauge invariance identities : 
The equations [53)1541 can be written as : 

\/n n ■ = '^^ - V { '^^ 



SS 



Va, a : „ , 



dC 



dImA% 



E 



So : 



d / dC 

XddB Im A'' 








F^' f Re 't 



ddp Re AS 



and on shell : : (E. (^e ^) ) = Ea (^^ ^'^) E 



because 



dd/iReA^ ~'~ da^^ReAg 



d d 1 dC 

a(5 W \ddi3ReA^ 



dC 



dL f 



2) The quantities : 

components of the anti-symmetric 2-vector 

E la/31 TSITTTT^a ^/3' ^A/ 



dC 



dLf 



dim J'' 



are the 



A, a/3 



^Ai? 



{a/3} dRea^A^ ^....^a^.^ 

The 2-forms — ^4 (-^^/j) , — ^4 {Z\i) can be computed as above 



A</^ a<P,a 



dC 



dx^ A (60) 



dC 



= (Z^j^) = 2 ^ e (A, /i, a, /3) '^^ .^ cix^ A tix'^ (61) 

X<fi a<l3,a 



dim da A^^ 



They are the superpotentiels of the field A. Their exterior derivative are 



dm 



AR 



2ELo Eto i-^r'd, rfxOA...Arfx«A...Arfx3 



dC 



dReaaA% 



dr 
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dC 



dim da A'; 



dr 



3) The quantities = ^4"}" = ^^^^3^ ^^e compo- 



nents of vector fields Y^^,Yai 



^ AR- 



dReAl 



dim A" 



and : 

= Y,l=o (-1)"^^ (^^h") (det O') c/x° A ... A ^ A ... A rfx^ 
^4 (^A/) = ELo (-1)°^' (>:^f ) (det O') cia;0 A ... A A ... A cix^ 
The equations [53|5^ are equivalent to : 



(62) 



(63) 



As seen previously the flow of the 2m vectors field Y^^, is conserved. 
4) We can proceed to calculations similar as above : 

Yau = N E,- di&t^ Re ( [z^o] \e^)] + Im ( [^0] %]% 

, o dip -r>„ n' A I dip j 

r™ -cb J-iii 



+2 dKe%^^ 



6* a, A/3 



yaa _ T\J dLf, 

^ AI Z^ij dRe^'aip'i 



a, 



^ Im ( [^0] [e^f)] + Re ( [^0] %]% 



A,ap L J A,OLp L 



^4 E/3 

= -|(E,Re^ 



.-ft 



6* a, A^ 



= -|E.cCi (lm>) An^, 



+ dlmj5_,^ Re [ ^ a, ^/3_ 

= (^^p Z^'J Re 

A TTfe 
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tI74 ( 2 ^ , 



dLp 



Im 



t^4 



/3 rflm^^„^ 



Re 



^ a, 



5a 



= -|E5cCac (ReA^) An 

Thus the conservation equations read : 



' dxf^^ AnV 



Im 



ty 

1 (c?n^^ + ^ac (Re A n^,^ + im > a n^,) ) 

(^E,- (-Eiffel Im ([^1 [^a]*);. + ,i^Re ([^0] 



= i (^^n^^ + ^ac (- Im > A n^^ + Re a n^,) ) 

5) Remark : obviously we could combine both the real and the imaginary 
part, that we will do later on, but so far it does not make the computations 
simpler. 



10 THE ENERGY MOMENTUM TENSOR 

There are several ways to introduce the energy- momentum tensor. Because 
the lagrangian does not depend explicitly of m (for covariance reason) the 
Lagrange equations admit a first integral which is a conserved quantity. One 
can also look for one parameter groups of diffeomorphisms over the cotangent 
bundle in a way similar at what we have done for the gauge equivariance. 
But here a more direct approach is simpler. In a first step we will prove 
conservation laws of the kind encountered before, involving a " Noether-like" 
current Yh^ and a super-potential. But from there it is possible to prove a 
much stronger result, that we can call "super-conservation laws". 

10.1 Noether-like current 

1) Let Ygp be the quantities : Yg^ = J2i>o i^^P^' - (without V) 
where L = NLm + Lp. It is easily checked that they are the components of 
a tensor. Indeed in a change of charts (see "covariance") : 
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So for (3 fixed we can consider the vector field 
Its value is : 

(64) 

YSp = -'-^V- + E., Re 9,^^^- + Im a,^^^- 

+ E.,, ^^.G^; + Re + Im 

The index /3 plays for the " Noether-like" current Ynp a role similar to the 
indexes "a" in the other Noether currents. 

2) Using the covariance identities HSEl] we have : 

/5 ^ E.,, Re + Im + 

= E., Re [d.Ai) + Im9,A^ + ^^d,Gi) 

So : 

- E. (^o^^ + Ea SStm + §^^d,ot) 

+ E.,. Re + Im + 

- E. (ifG;^ + ^ R« + I- 

- E. (ifOa + Ea ^^9,0'^ + £5-9,0'^) + E., ^9,0'; ' S^.L 
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+ 



E ( 



dL 



'13 



d Rc As P 



d Im As P 



.7 VdRe^cA^ 



Rc dyA"". + 



dL 



7 dd^Oii^t^^J 



— — — ^ Im c^^A*^ 



dL 



■d.yG'i 



dC 



ReA^o + -^ImA 

P dim A" 



+ E„ ^ f .o'^f A Re + '^f . Im a^A^ + -J^d^Ci) 
where we used : 



= Ei ^o-, - Of (det O') LOI = 
y^^detC 



5%C 



+ E„,7{ 

-( 



dC 



dC 



dQa'^p^ dReA« 



Re>l^ + 



d_ 

7U^T 



dr dlma^A;^ 



dRe9„A- -^^^/^ 



ImA^ + ^ 



/3 ' dlinA" 

d dC 

d£ /^g \ 

ddc.G^^l3 



1mA 



dOJj ^ ^7 d^T 



d£ 



"I" E7 ( Ea 



.n'A — ( d dC \ 

\di^dd^oi^)'-'0) 



Rc A»H 

d d/: 

d^T d9„G° 

dC 



d 

' d^-y 



dC 



dlm^aA^ 



ImA' 



n) 



dC 



d^T dd~iG\ 
d dC 



dC 



where we used : -jM^ 



d^T dRc9^A° 

'^^ Rei^ + 

dC 



Re 



dC 



d^T da^oj; 

d 



dC 



dRea„A^ 



\dImAg d^T dIm9-yAg 



dlmaoA^ 



d£ /^g 
d9„G« '^Z? 



d£ 



d£ 



d£ 



Imi^} 



dz: 



(i9aG°' dRe9-yA« 



dRe9aA»' dIm9-yAj^ 



dlmdcAi^ 



SS 



SC 



Rp 4« -I- 
6ReA« ^«^/3 ^ ainiA; 



d£ 



+ E7 (^Eg dRea^Ag 

Thus on shell : 
y^^detO' 



Re A" 



dC 



d£ /O/i 

i dd~,0'' 13 



d ( dC Op Jo J dC 2« _L __d£.rya i d£ /p/i ^ 

- 2^7d|7 l^z^a^^^^^eA^ + ^^^;^^imA^ + ^^CT^ + 2^.^^ty^^ 



-'J^a u. ±111 1/7 r- ^7<_rQ! 

that hints at some kind of exterior derivative of a form. 

dC 



The trouble 



comes from 



which is not an antisymmetric 2- vector. 
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10.2 Superpotential 

1) Let be the quantities 

7^7 (IL p /jg I dL j , dL i / dL dL \ 

^Hp - l^a dKed^A- dlrad^A- ^ P+ dd^G-^ P^ \dd^Oi; dd-^O^ ) 

and keep j3 fixed. They are the components of an antisymmetric 2- vector 
field Zhi} — Yli{a-y} ■^'h^^oc A 9-y on M. Indeed in a change of chart we have 

(see section " covariancc" ) : 

ZVfi = Ea„,. K9-K2 ,J^ , Re J^Al + K'?K2—^^ Im JM« 

I Ti^a T^-t dL 7i^/^a I ( T^a ir^ dL _ r^lT/'a_dL_\ Tu/^H 

'^^X-^fj.ddxG'-^'^P^i' 2^1 [^X-^t^ddxOli ^X^I^ddi^J '^0^1' 

We have : 

E{a7} ^'hP^oc a 

- 5:{„,>{Eg [j^^d^ A d,) Rei^ + {-^d. A d,) Imi^ 

+ {d£t^^^ A d^^ + Ej ((d^^ - ^^^) A f^o) C*/!} 
= Eg Zln Re + ^1, Im A» + + E. Op}, 

with = E{a,} - ^) 5a A d, 

2) Compute the superpotential Uris = ^4 {^Hp) ■ By the same calculation 
as above we get : 

Hhp = {Zhp) = 2 (det O') Ea<^ Ea<7 e 7) ^^^^ (^^^^ A dx/^) is 

a 2-form on M : 

linp = -2 (det O') Eai^Hfsdx^ A rfx^ + Zj^^^rfx-o A dx^ + Z]l^dx° A dx^ + 
Zfpdx'^ A dx^ + Z^^pdx^ A rfa;^ + Z'^^dx^ A rfx^} 

= Eg (Re A^) + (im A^) H^, + G^H^ + E. 0'^% 
with = ti74 (Z^) 

Its exterior derivative is a 3-form over M : 
dUnp 

= -2 ELo (-l)"""' (E?=o ^7 (^r^i det O')) rfx'^ A ... A A ... A dx^ 

- -2dic7^4 (E„, (^7 {ZhI det O')) 9„) 

= 25;^t^4 (E., (^7 (^r,. det O') ) a.) ^ 

= 2 ELo (-1)"^' (E'=o 9, {Zl^p det O')) A ... A A ... A dx^ 
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that we can write : dUn^ = '^dio^'^^ (j^a^ (df^ (^h"^ det O') j d^^ keep- 
ing in mind that when the derivative involves Lm we must take the composite 
function with f. 



+ 



10.3 Conservation law 

The value of ^4 is the 3-form over M : 

H0 




'^•^ Re + 



(y^^) = (-1)°+^ det O'dx^ a ... a dx« a ... a dx^ 



On shell wc have : 
Ea=o (-1)"^^ ^Hd (det O') cix° A ..A^.. A rfx^ = (Yh/j) 

= ^4(Ea7 df^(Sa dR^I^ ^^^^ + dW^Ag ^% + d^^li 

+ Ei (d^^ ~ ^^')^") + ^4 (Ea7 df^ (Ej d^^^^/j) 

= irfn^, + (e«7 dfT (e. d^o;,^) 

^A{YHfi) = \{dIiHfi + '^O0) (65) 

with no, = El7=o (-1)"^' dfr (E. d^o^^) dx^^...^d^-^ ... a 

= dit0^^4 (Ea7i (df^ (d^loj/^/j)) 5«) 

If the equations related to the force fields are met, this latter equation is 
equivalent to the "frame equation". 



The flow of the Yf/, vector is conserved if this quantity is null, which is 

lit „^ •£ dL dL 

7 ^ ddaOi; ~ dd-yOi, 



met if L does not depend on daO!' or if -tJ^ = — ■ But we will see a 



stronger result. 
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10.4 The superconservation law 

It is intuitive that there is some relation between all the Noether currents 
and potentials, looking like an energy conservation law. In addition neither 
the term L in Yh or the Uq quantity in the latest equation are too appealing. 
We can give a more convenient formula for this equation ESI but that will 
require some work, that is, in some ways, a reverse engineering of what has 
been done above. 

We will prove that : 

V«,/3:y^^ = 

d {Uhp) = Ei {j2a^ df? (o'^d^) = -2no/3 

meaning that the pertinent physical quantity is the energy-momentum 
tensor . And the second equations gives, in the usual case where the 
lagrangian does not depend of the derivatives daOl^ , a general law linking 
the gravitational and the other force fields, without any involvement of the 
particles. 



1) We will start by expliciting S^L on shell, that will be useful later. 
6pL is given by the frame equation : 

Va, (3 : 6^L = - Xli ^'^z? + T^i-y ^'pW< {^dd^o^ ) 
Using the covariance equations H3lH^ as above we get : 

E dLp f^ii _ _9 / dLp Ty„ -pa i dLp t -pa i dLp pa \ 

" \ A,aA A.OLA ij^aX / 

- Ea aif^/s " Ea Jf% + Jf% {(^fiO'D 

_o ( dLp -Dp pa _|_ dLp j j^a i dLp pa \ 

a dG<C^fi l^iX dchO'i^^^P + dd^O'i^P^X 

^^"^ = E,, [im^ Re + ^^^'') 

-1-9 ( '^^P I '^^^ Tm I _dLf_pa \ 

+^2^aj [dRe^%^^^ ^^^A,f}^ + dlmT^^^ ^^•^A,^^ + dT^^^/G,0-,) 

I dL f^a I Q f)li _dL_rl f)'^ I D'^-^- I dLdetCy_\ _ 

^ l^a dG%^ ■^il dd^O'i^'^I^P^ ddc^O'^^P^l^ dctO' ^11^13 d^i \ dd-yO'^ J 
dNLM-tra 
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Let us expand the first term. 

+ Ea., Re (G^ [V^] + [^] [^a]*)^' 

= E,, {jim^ Re 5/3^'^- + Im 9,^^^) 

+ E. E,- Re (M [^])^^' + Im ([K. 

+ E. (Re A^) (,^^ Re m + Im ([^] [^^lY^' 

+ (im A^) {-jm^W I- ([^] [^JT'' + Re ([^] kitO 

And with the Noether currents it reads : 

E,, {j^^ Re + Im V,^'^) 

= E,, Re a,^'^- + Im a,^^^- 



dLp 



+ E„(ReA^) {Yrn-^Y.^^^^, 



r— )■ s "I ^ r— )> 
— Re 9 at ^7 + -X — Im 9 



+ (imi^) (y,7 - 2 E^ -^r!^ Im A,] ' + Re A, 

= E,, Re + Im d,r) + E„ - ^) 

+11^ Re + YXf Im - 2 E„,, ^ [Gp, G,r 



+1^4- Re + YXf Im - 2 E„,^ ^ 

-2 E„, (^ZR^t:; Re [A/., A,] " + Im [a,, A,] 

Thus : 

^"pL = E,, (z^^ Re d,r^ + Im a,v^^^) 

+ E„ (y^- - ^) + Y^R Re + Im - 2 E„,, ^ [G^, G,]" 

-2 E., (^K%; Re [^/^, ^ " + ^1^%; Im [a„ a,] 



_l_o Y^ / dLp Tf -pa , _dLf 
I Y^ dL/-ia I Y^ 'Md—Pl D'i _L -jJ^L—f) D' 

1 X — ^ ^ I AT r^' 



dLp T.^ -pa I d^F 'Try 



~detO' 



n'i-d^ ( dL det O' \ _ dNLMira 
^I3d^i \ dd^O'i ) dVf< ^ 
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la 

+2E 



+ Ea G^YS" + Re + 1^/ Im + 2 E 



I dL o /^/i _|_ __dL_a r)li _i_ 1 d / 



a.7 c/J='° 

dtp 
d Im 



Im LFa 



dL det O' 



With the same conventions as above for derivation with composite func- 
tions : 

E dL a /Q/i _|_ 1 /n/i d / dL dot O' 

i-Y da^.O'J^^"/^ 13 ' detO' Z^i7*^/3d^^ df)„0'J 



'i7 da^O, 

1 

det 



1 'sp _d_ dL det 0' /n/i\ _ 1 'sp _d_ di: 

tO' d^T \^ da^O^j ^fi J detO' ^«7 d^T \dd~fO'i^ 13 J 

dNLM -D„ f)„J,ij J dNLM 



+ Ea Gf,YS" + VXi^ Re + F47 Im 
+2 Ea7(d^:^ {d/^Gj - d^GpY + rfR^JS Re ^ ^/j-^ 



dLf 



dL 



Im f dpA^ — d-yA, 



+ E. 



n dSaO; 



75-9^0'* + -T-Ql E^ 



detO' di^-i \dd-yO, 



dC 



r)H\ dNLM T^Q 



2) So on shell Yg^ can be written : 



+2E 

-E 



dy^ " ' ^ij dReVcV'^ 
dLpfj r^a I dLj? 



dji::"/3^7^dReJ?5,^ 5/3^7+ Im ^^A^ + Ei^ d9;O^F^/5^7 



7 

a 

Aa.'y 



Im 5/3'?/^ 



2J 



dL 



- Ea G^Y^ + y^"^ Re + Y2f Im A« 

-2E 



dL, 



dL f 



Ga.'y 

Im f 9/3^^ — d^A 



4^) ) 



Im djjip^^^ 



Re 



d.A^j 



dL 



ddaO: 



— f) O'^ — 1 jL. ( dC /Q/ 

/ii^/3»^7 dctO' d^^ \^d9-,0^'^/i 



_i_ dNLM T/g 



+2 



-Ea G^^^C 



G 



5-^07 ^ 



dL, 



dL 



—d^G% + Ji3„ ™ Re (?-yAo + 



F^ImA^ 

dL, 



1 _d_ 

detO' ^17 d^T \dd^O'i^P ^ 

This formula will be improved. 



d 



dC 
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3) Taking the value of zu^ (Yh/s): 

= -Ea (g^^4 (YS) + (Rei^) + (lmi«) (YXj)) 

+ E« ^4 ( (E, 24^^7G^) da) + tZ74 ( (E, Re ) 9„) 

With the usual algebraic calculation : 

^4 ((E,2^j^Re 9„) = (ReA^) A 

^4 ((E,2;ni^ 9„) = -it/ (im A^) A n^, 

^4 = - Ea (g^^4 + (Re A^) t^4 (1^^"^) + (im A^) (1:4" )) 

-Irf (G^) A - id (Re A^) A - irf (imA^) A H^, 

-diTO^ Si ^4 (Ea7 (df? (d^%^^*)) "^a) 

And on shell we have from the other conservation equations : 
(YS) = irfn^, (YXn) = IdW^R, ^4 (YXi) = |rfn^, 

^4 (Yhis) 

= -I Ea G^^n^ + ^ (Gt) A + (Re A^) t/n^^ + d (rc A^) a n^^ 
+ (imA^) dnv+rf (imA^) An;^,-^ E.^4 (e„, (^ (^o;i)) 
(Yhp) = Ea^ (G^^n^) + d ((Re A^) n^^) + d ((imA^) n^,) 

"di^ Ei^4 (Ea7 (dff (d^^*^/?)) 

4) The superpotential is : 

^Hf^ = E„ (Re A^) n^^ + (im A^) n^, + G^n-^ + E. o'^% 
with nb = (Zh) ,z^o = E^ - ^) da A 9, 

and the conservation equation [BS] 

t^4 (Yh^) = ^dUn^ + diro^^4 (Ea7i (dfr (d^C*/?)) "^a) 
becomes : 

-I Ea^^ (G^n^) + ^ ((Re A^) n^^) + ((im A«) n^,) 
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"detO' X]i^4 (^a-f (d9^0^J^/3 



dr 



= lEad (G^n^) + d ( (Re i^) n^^) + d ( (im i;^) n:\, 

That is : 

E„c^ (G^n-c) + ^ ((Re A^) n^^) + d ((imA^) n^,) 

= -| Ei (O'^^h) - diFo^ Ei ^4 (Ea7 dl? (C'ia (d^ + d^) ) 
Or : 

d (n^,) = E. (l^ {0'^%) - da^^ (E«, ^ (oa (^ + ^)) 

But : 

^4 (e«, {z--4^o'^) 



^o'^j dxA A = -\dO"p A 



2 (Ea7 ( 

d^o = -2HiFo^ Ea ^4 (Ea, ^ (^o" ^ct O') a.) 

d (n^,) = E.{- aiFo^0^^^4 (E«, ^ (^"^ det O') 9.) 

-^4 (e., (^r;|7oa) 5a 



detO 



^ ^ / O'^,^ {Zo' det O') + dct O'^O^ 

1 _d_ f f^li ( dC dC I dC I d£ \ \ Q 



detO 



detO 



7 Ei ^4 (Ea7 {'^'i3d^) 5«) = -2no^ 



d (n..) = -dJo^ E - (e 5^ (oi'sll,) a.) ^ -2n., (66) 

5) Therefore : 

^4 (Xff^) = |(^nj^^ + no/3 = 

As : 

t^4 (Yhp) = ELo (-1)"^^ >"^/3 det 0'dx° A ... A dx" A ... A dx^ 
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we have 



Va,/3:Y-^=0 (67) 
6) And : 

detO' d£,-i \dd^O'i^P ) - \^ G + ^Afl /l^ + im /l^ j 

So : 

+ Ea ^^^>^g" + ^^4"^ Re A- + YX? Im 

+ E., ^^/^O;^ - (g^^^g"" + Re + r^f Im A^) 

+2 E., [St^^G^P + ^^^^ ^-^^ + ^7^^) - ^ v^" 

We get a formula, valid on shell, for the quantity that we name the 
energy-momentum tensor. 



(68) 

10.5 Energy 

1) It is useful to give some thoughts about the physical meaning of these 
results. 

If in the equation |68] we put a = /3 : 

L = -'-^V- + E,, {ji^ Re + Im d^r) 

+2 Ea7 (d^^'^f*<^7 + dReJ^ R^ ^"^7 + dlmj| <9aA^ j +Ei7 

As : 

dLm dL dLm dL Q_dLp_ dL 

dReVaV''-'' ~ dRedaip^^^ dlmS/aip^^ ~ dlmdaip^^ ' dT^^^ ~ ddaG^ ' 
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this equation reads on shell : \/a : L — —-^V'^ + J2i j^d^z'^ 
The first term is a kind of "kinetic energy" , the next six correspond to the 
potential energy of the fields, but there is still the last one : dd^o'^ '^l^^'y 
which features the distorsion of the space time. We know that energy in 
General Relativity is a difficult concept. In some way we would expect that 
the gravitational field encompasses all the effects on the geometry of the 
universe, and this is why usually one discards the derivatives d^O'^, but as 
we see a more open vision is perhaps necessary. Notice that this issue is not 
related to the choice of G or g as key variable. In the traditional variational 
version of General Relativity the fundamental term is given by the scalar 
curvature which is, as seen before, nothing but the curvature form of G. 

2) The quantity J^^^^ zu^ {Ld/^) is the energy fiow through the borders of 
Vt (t) seen by an observer on the line (9/3. The fiow is given by tu^ {Ldfi) : 

+ E„ ^4 (2 ^9,G^,9:) + (2 Re 

{Ld,) = ( (-^V" + E,, Re + 9^^'') do) 

+ E.^4 (Ea.TO?^^o;'^«)-|E„ (E,5/3G«d^^)An«c+(E,Rea^A«dx^)A 
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Part IV 

THE MODEL 

So far we have shown the constraints imposed on a lagrangian and estabhshed 
the lagrange equations for a not too specific model. In order to improve our 
grasp of the problem, it is useful to go a step further, and to test our concepts 
on some lagrangian, keeping it simple enough to enable calculations. As 
we have seen, in the Lm part of the lagrangian the quantities involved are 
chiefly the velocity, the state tensors and their covariant derivatives, and in 
the Lp part they are the curvature forms The identities to be met hint at 
some kind of homogeneous function, so it is legitimate to look for quadratic 
functions, and thus for scalar products. The scalar products must be defined 
for the state tensors, on the vector space F ®W, and for the connections 
curvatures forms They must be invariant in a gauge transformation. If 
we want to compute a scalar product involving the derivatives of the state 
tensors, we must find a way to define a differential operator acting on the 
fiber bundle Em-, it will be the Dirac operator. Eventually we can improve 
somewhat the definition of the F vector space by introducing chirality. 

11 SCALAR PRODUCTS 

11.1 Scalar products for the state tensors 

1) The first step is to define an hermitian scalar product () on the vector 
space F, invariant under a gauge transformation by Spin(3,l). An hermitian 
scalar product on F is represented in the basis Cj by an hermitian matrix A, 
such that : 

V?i, veF: {u, v) = [u]* [A] [v] ; [A] = [A]* 

Spin(3,l) acts on F through : poT : Spin{3, 1) L{F; F) so A must be 
such that : 

e Sptn{3, 1) : [p (T (.))]* [A] [p (T (.))] = [A] 

2) The 7 matrices are defined up to conjugation by a constant matrix, 
and any A hermitian matrix meeting the conditions will be defined up to 
conjugation by an unitary matrix. We choose A = 'fQ. Let us prove that it 
fits the constraints. 
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It is an hcrmitian matrix, as all the other 7j as we have assumed so far. 
s G Spin{3, 1) is the product of an even number of vectors of norm 1 in 
Cl(3,l) : 

S = Vi- • V2r, 

Vk = ViEi + V2e2 + V3e3 + VqEo, R 

So p (T (s)) = p (T (v,)) ...p (T K)) and [p (T (s))]* = p (T K))* -P (T (v,))* 
p (T (vk j) = viji + t'272 + + ivojo 

p(T (vk))* = viji + t'20'2 + ^^373 — ivojo because all the components are 
real and the 7^ are hermitian 

= i7i + ^^272 + ^^373 - ivQ-fo) 7o {vi-fi + V2J2 + ^^373 + ivojo) 

= (vi7i7o + 1^27270 + ^"37370 - m;o7o7o) (^"171 + ^272 + ^"373 + mjo) 

= {-vf -V2-v^ + Vq) 7o + ^2^1707172 - t'it'27o7i72 + ^3^1707173 

-^^1^^3707l73 + ^^3^^2707273 - 'y2^^3707273 

+iviVo7i - ivoVi'ji + if 2f o72 - ivQV2^2 + iv-iVolz - ivoVsls 
= -7o 

Thus [p (T (5))]* 70 [P (T (s))] = i-lf 70 = 7o" 
We will take as scalar product in F : 

u,v e F : {u,v)j,^ [u]* 7o [v] = loijW 

It is not degenerate, but not necessarily definite positive. 

Notice that the scalar product is invariant by Spin(3,l), but not Spin(4,C). 
The basis (cj) is not necessarily orthonormal : (cj, e^) = [70] and the rep- 
resentation {F,po T) of Spin(3,l) is not necessarily unitary. 

Prom [p (T (s))]* 7o [p (T (s))] = 70 one deduces by differentiating with 
respect to s=l : 

e 0(3, 1) : f ([p (T (s))]* 70 [p (T (s))]) U=, = 

[p (T is))' V{s)k\ * 70 [P (T is))] + [p (T (s))]* 70 [p' (T {s)) V {s) k] = 

[p(l)'T'(l)«:]*7o + 74[p'(l)T'(l)«:] = 

r(i) = Id 

[p(l)'«]*7o + 7o[p'(l)/^] = 

Thus with : p'(l)"^a = [«a] : [«a]* 7o + 7o [«a] = 

KT = - [70] K] [70] (69) 
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3) We assume that there is an hermitian scalar product on the vector space 
W, invariant by x • 

^ueU,a,a' ■.{a,a') = {x{u)a,x{u)a') 
and that the basis (/j) is orthonormal {Cja') = ^jO'V* 
Remark : on a complex vector space the signature of an hermitian form 
can be set up at +. 

4) From there we define an hermitian scalar product on F : 
So we define : 

{il^e, ® /,, ^|^e, ® /,) = E.,. 7o^Ji^Ui' = ml bo]] [Hi = Tr 7o [^2]) 
with the 4xm matrices : [^] 

Tr-m^lom) = Tr ([^% ) = Tr ([^1]* 7I [^2]**) = Tr ([^2]* 7o [^1]) 
And the scalar product is extended on the vector bunle Em '■ 

V^i, V^^e Ao (E,) : (V^i, ^2) = Tr ([V^i]* 70 [^2]) = Yl ^oij^Ui' (70) 

ijk 

It should be noticed that this scalar product, as any hermitian scalar 
product, is invariant by the transformation : ip ^ zip where z is c-number 
valued function on M, with \z\ — 1. 

11.2 Scalar products for the curvature forms 

1) The connection and curvature forms are valued in the Lie algebras, and 
the action of the gauge groups is the adjoint operator Ad, so we need a scalar 
product on the Lie algebras invariant by the adjoint operator. On any Lie 
algebra there is a bilinear symmetric form B (the Killing form) invariant by 
Ad, but non necessarily positive definite. If the Lie algebra is semi-simple 
(as 0(3,1)) it is non degenerate. In the standard representation of o(3,l) : 

B{X,Y) = 2Tr{[X] \Y]) and its signature is (+ + H ) with the basis 

(ia). 

We will not be so specific and just assume that there is an hermitian 
scalar product (), invariant by the adjoint action, on the Lie algebras, not 

necessarily positive definite, for which the bases ijt a) A a) are orthogonal 
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- o(3,l) : as we use only the real form it is a symmetric real scalar product, 
and we assume that {it a, ~itb) ~ rjab — ±1 

- Tilf^ :the scalar product is assumed to be hermitian and the basis (^^ aj 

orthonormal : (7 a, tb) = Sab ^ = Ea^^'" 

that implies : u = expr 6 : ^ (^^^expr"^ ^ I'^^expr"^ ^ 2^ |t=o = 



( 



"^2 e TiU' 



0,01 , 2^ — — (^0 1, 

The space vector TiC/'^ endowed with this scalar product is a Hilbert 



space. 



2) The potential and the forms are forms on the manifold M. M is endowed 
with the lorentzian metric g. One defines the scalar product of two r-forms 
on M valued in C by : 

Gr : K {M- C) X (M; C) C :: 

Gr (A,^) = E{a,.....},{,,...,.} Aw.-.}/^{/3..A} [detr^(^)]^°^-"'^^'^'^-''^^ 

Gr (A, H) 

where the indexes are uppered and lowered with g and {a} = {ai...ar} 
is an ordered set of r indexes. 

The scalar product is symmetric, non degenerated and invariant under a 
change of chart. It defines an isomorphism between the algebras of r and 4-r 
forms, given by the Hodge dual. 

The Hodge dual A* of a r-form A e (M; C) is the 4-r form A* G 
A4-r {M; C) such that : 

V/i e A^ (M;R) : //A*A = Gr (//, A) ^4 where : zu^ = (detO') dx°A..Adx^ 
(Taylor [26] 5.8) 

*(E{a,...a.}A{ai...a.}t^a;"i..Arfa;«'^) 

= E{ai...a„_.},{ft...ft.} ' if^l-(^r, «1, -«n-.) U^'-^^^ (dct O') dx^\. A 

We have : * * A = (-1)'-^ 

* (Ea ^"^^") = ELo (-1)''^^ ^"^A^ (det O') dx^ A ..d!^ A ...dx^ 
For a 2-form the formula is simple when one uses a convenient ordering 
of the components. 
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A e As (M; C) : 

A = {Xoidx^ A dx^ + \o2dx^ A dx^ + Xg^dx^ A dx^ 
+Xs2dx^ A + Xi3dx^ A da;^ + X2idx'^ A dx^} 



(71) 

*A = -{X^^dx^ A dx^ + A^3(ix° A (ix^ + A^M^o A dx^ 

+X^^dx^ A dx^ + X°^dx^ A dx^ + X'^^dx^ A dx^} det O' 

Notice that this convenient ordering is deduced from the table 1. 
In the orthonormal basis these formulas become : 
A = K.-.rd'^ A .. A = Eo,...} l^n...rd'' A .. A d'^ 

Gr{X,fJ,) = i^}^''''-?7'^'^Aii..i^//i,..i^ where 77^'=^'= = ±1 

= E{ii..ip},{ii..i4-p} ^ > {ji-J4-p}) Vhh-Viph>^{ii..i^}d^' A - A ^'^-^ 

* (E« A,a') = E?=o (-1)'^' A .9^-.. A 

* (e;=i Ao. A 3.. A a^) = E,Lo (-1)^'^' ^..Ao. j...3^- 

* E{.,} A.,a^ A 

= - A3290 A 91 - A1390 A 92 - A21 90 A + A0291 Ad^ + Xoid^ A 92 + A0392 A 

* Ea Aa^P" A 9«« = X)a=l -Aa9^"+' A + Aa+g^^''' A 9«« 



(72) 

* (Aoi^o Ad' + Ao2«9° Ad^ + Aoa^o A + Aaa^^ A 9^ + Aia^i A + Asi^^ A d^) 
= Aoi^^ A + Xo2d^ A 93 + Ao3a2 A - Ass^o Ad^ - Xiad"" Ad^ - Asi^" A 



3) Let i^M any vector bundle over M modelled on a vector space H endowed 
with an hermitian product () . One defines the hermitian product of 2 r-forms 
on M valued in Hm by : 

A, /i e A. (M; Hm):X = Y.{a} A^„^..„^}rfa;"^ A.. Ada;"'- (m) where 
l^a (^) is a local basis of H 

(A,//) 
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E„ /-r-a,{ai...ar} ^ \ ^ 

a,6 Z^{ai...a^} l^'^ /^{ai...a^} J I ^ o.-, >i b) 

It is hermitian, invariant by a chart transformation in M and does not 
depend of the local basis. If Hm is an associated bundle it is invariant by a 
gauge transformation. 

For the curvature form in an orthonormal basis of Tiif^ : 

{Ta.Fa) = Y.Y.^\^^^T' (73) 

a {a/3} 

= Ea E{a/3} -^AalS 

— \ Ea Ea/SA^j 9°'^9'^'^'^Aa/3^AXfM 
_ 1 \^ \^ ^1 -r-aa/3 

The Hodge dual is defined as : * (Ea^" ® ~ Ea*^" ® where 
*A" is the Hodge dual (in the previous meaning) of the C valued form A" 
A, /i e A. (M; Hm) : (A, /x) = Ea,6 (a", /.^) (3^,, 1^,) 

(A, //) ^4 = Ea,6 ('^''' Z^^) (^a' b) ^4 = Ea,6 (a*'' ^ *^") (^a' ^&) ^4 

With an orthonormal basis : (A, n) zu^ = J2a (a''" ^ *-^") ^4 
For the curvature form : 

(74) 

* (jr^) = - (det O') Eai^'^^'^^dx^ ^ dx^ + ^^'^^dx^ A dx^ + T'°^dx^ A dx^ 
+T'''^dx^ A dx^ + T'^^dx^ A dx^ + T'^^dx^ A dx^ ® 'to] 

12 THE DIRAC OPERATOR 

1) The fields change the state of particles and their velocity. The interac- 
tion with the velocity is logically modelled by Vv4> — Ea V'^V a4>- But we 
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can assume that there is also an action on the state tensor itself, meaning 
independant of the dynamic (represented by V). So it is sensible to look af- 
ter some derivative operator : AqEm — ^ Aq-Em- That is the Dirac operator, 
which, in matrix form, is : [Dtjj] = Yll=o [Y] [VaV'] where [7''] are 

matrices defined from [7^] . The construction is the following. 



2) Spin(3,l)xU acts on Cl{3, 1) x {F®W) as : (s, u) x {w, ^j) = (Ad,w, ^9 (s, u) ^) 
so one can define the vector bundle Qm x Spin{3,i)xu {Cl{3, 1) x (F (g) W)) as- 
sociated to Qm by the equivalence : 

{q, {w, ~ {q (s-\ u-^) , (Ad,w, i9 {s, u) 

This action is linear with Cl(3,l) and F ®W so from there one can get 
a vector bundle Dm = Qm >^ Spin{3,i)xu {CI{3,1) <^ F <^W)) associated to 
Qm modelled on Cl{3, 1) ® F <^W (the tensor product is associative). The 
isomorphism : 

{q (m) , {Si (g) Cj ® /fc)) (fc {m, Cj (m) fk (m) = di (m) (g) ej (m) g) 
fk{m) 

is preserved by the action of Spin(3,l)xU: 

{q (m) {s-\ u-^) , ((Ad,£,) ® p o T (s) (e,) ® x («) (/fc))) 

^ [j o (s)] • 9, ® p (T (s)) (e, (m)) ® X («) (/fe (^)) 

So one can pick di (m) g) cj (m) g) (m) as a basis of this vector bundle 
Dm. 



3) One defines the projection : P : Dm — ^ -E-m by : 

T'^^d, (m) ® e, (m) ® /fc (m) ^ T'^^ (p o T (^i) (e,)) (m) (g) (m) 
extended by linearity. It is consistent because : 

T^^'^di (m) (g) (m) (g) (m) 

~ {q (m) (s-i, , T'^'^ {AdsEi ® p o T (s) (e,) ® x («) (/a.))) 
P ((g (m) (,s-\ n-i) , T^-''^ {{AdsS,) p o T (s) (e,) ® x («) (A)))) 
= (g (m) (s-^ ^-1) , T^^-^ (p o T (A^eO p o T (s) (e,-) x W (A))) 
but 

p o T (Ads^i) p o T (s) = p o T (A^eTj.s) 

= p o T (s.ei.s"^s) = p o T (s.Si) = p o T (s) p o T (e^) 

so : 

(g (m) is-\ u-^) , (p o T (s) p o T (£,) (e,) ® x («) {fk))) 

~ (g (m) , T^^ V o T (£,) e,- A) = T^^'^ (p o T [si) e,) (m) ® h {m) 
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4) V-^ is a 1-form on TM*. With the metric we can go from TM* to TM 

(Vq^*-') rfa;° (g) Ci (m) ® fi{m) (VaV'*^') ^"^9^ ® ei (m) (g) jj (m) 
and from TM to Dm '■ 

(VaV^^^) ® ei (m) (m) 

= (V«^/^^^) ^"'^C (m)j3 di ® (m) ® (m) 

= (Vr'?/'*-') 5r (m) (g) Cj (m) (g) fj (m) 

The resulting quantity is a section on Dm, that can be projected onto 
Em- 

So, overall, the Dirac operator is the map D : Aq (Em) — >■ Aq (Em) 
= Eaij i^a^'') r^O' {m% {p o T (si) (e,)) (m) ® /, (m) 

5) This quantity can be expressed in a better way. dj is orthonormal so : 

= g^p [Ot [Of^ ^ g-^ [0% = [O]: 
For : 1=1,2,3: p o T (si) = 7;; and p o T (^o) = i'fo 
E^,5"^0'(m)^(poT(£,) (e,))(m) 

= Ew V^a- ip o T e, (m) = [70]? + E?=i Nl? (m) 
We define the matrices : Y (index up) such that : [7'']^ = rj'^^i [70]^ + 
E?=i[7/]f^'''- Wehave: 



7°=-i7o;r = l,2,3:7^=7, (75) 



= E. C^ar) E. [O]: [7ir e, (m) (g /, (m) 
We will denote : 



[7l = EW[7l (76) 

r=0 



J] (V^V'^O Va>^^= V.V'^^' (77) 

a=0 



With these notations : 
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= E?,p=i Er=i ELo (V.^^^-) [7ir (m) ® /, (m) 

= E:p=i Er=i ELo i^^r) [rl ep (m) ® fj (m) 
Or in matrix notation : 

3 3 
r=0 a=0 

We see on the relations above that the Dirac operator can be defined 
through an orthonormal basis only, without any explicit reference to a metric. 

6) The Dirac operator is well defined and linear. 

In a gauge transformation : 

(Va>'^) ei (m) ® j) (m) ~ (Vg^^^^) (m) ® % (m) 

E. ( V.i^'^O [7lf (m) ® /, (m) ^ (v^'') [YTi {rn) ® fj (m) 
and it is invariant in a change of chart : 

da Jf (9/3 

rfx" rfx" = K'^dx^ with K^Jj = 

V.^^^' ^ ELo (v3^) = ELo Ja (Va^^^) i^," [O],^ 

= ELo (VaV'^^') = Vr^ 

So Z^t/) is invariant. ■ 

13 CHIRALITY 

We have left open the choice of the vector space F in the representation of 
C1(4,C). It can be made more precise, without no lost of generality, using a 
feature of Clifford algebras. It is striking that this feature meets one impor- 
tant characteristic of the physical world, that it distinguishes between the 
"left" and the "right", that is chirahty, and thus is fundamental in particle 
physics. 
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13.1 The splitting of Clifford algebras 

1) The ordered product Sq • Si • .. • Sn oi the vectors of a direct orthonormal 
basis in a Chfford algebra does not depend of the choice of this basis. In 
C1(4,C) £5 = £o • £i • £2 • £3 is such that (£5)^ = 1. 

Let be : 

Cl+ (4, C) = {we C/(4, C): 65 -10 = 10}, 
CI- (4, C) = {we C/(4, C):e5-w = -w} 

Remind that C/(4, C) = Ck (4, C) © Ch (4, C) where Ck (4, C) is the 
subalgebra of the elements sum of an even product of vectors. 

Let us prove that CIq (4, C) = Cl^ (4, C)®CIq (4, C) where Cl^ (4, C) , Cl^ (4, C) 
are two subalgebras which are isomorphic and "orthogonal" in that : Vw e 
Cl+ (4, C),w' e CIq {A,C) -.ww' = 

Cl^ (4, C) = CZo (4, C)nCZ+ (4, C) and CZq" (4, C) = CZq (4, C)nCr (4, C) 
arc subspace of CIq (4, C) 

C/o (4, C) , C/+ (4, C) are subalgebras, so is CIq (4, C) 

iiw,io' e CIq {4:,C) ,e5-ww' = -ww' ^ ww' e CIq (4, C) : C/q (4, C) 
is a subalgebra 

the only element common to the two subalgebras is 0, thus CIq (4, C) = 
CZo+(4,C)©C/o-(4,C) 

£5 commute with any element of CIq (4, C) , and anticommute with all 
elements of Cli (4, C) so 

If ^i; e Cl^ (4, C) , w' e C/q (4, C) : £5 ■ w = w, £5 • = -w' 

£5 • w • £5 • = t/; • £5 • £5 • = w • = —£5 - w -w' = —w - w' ^ w - w' = 

m 

Similarly : Ch (4, C) = CZ^^ (4, C) © C/f (4, C) (but they are not subal- 
gebras) 

So any element w of C1(4,C) can be written : w = w"*" + w~ with w"*" e 
Cl+ (4,C),w- e cr(4,c) 

2) Let be : Pe = | (1 + ££5) with e = ±1. are the creation and 
annihiliation operators 

There are the identities : 

Pe =Pe,P+-P- =P--p+ = 0,p+ +p- = 1 
For any i> e : p^v = vp-e 

For any w = + w~ e CZ(4, C) : • w = + e) t(;+ + (1 - e) w") 
=^ 

p+ • w = w~^,p- ■ w = w~;p+ ■ = w~^, 
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p_ ■ = 0; p_ ■ w — w - P- ■ = 

liwe Clo (4, C):wp, = ^ ((1 + e)w+ + il- e) vj-) 

w^.p-^- = w^,w^.p^ = 0,w^.p^ = 0,w~.p^ = w~ 
If w e Cli (4, C) : w ■ Pe = w.^{l + e^s) = | (w — eerj-w) 
= I (w+ + w' - ew+ + ew-) = \{(l- e) w+ + (1 + e) w) 
=^ .p^ — 0, w~.p+ — w~, w~^.p^ — w~^, w~.p^ — 

3) We have similarly in the {F, p) representation of C1(4,C) : 

£5 75 = 7o7i7273 

Pe^ le=\{I + €75) 

We have the identities : 

ll it 

7+ + 7- = I\ 7.7. = 7c; 7<:7-<: = 
k=0..3: 757fc = -7fc75;7.7fe = 7fc7-.; 

= \klp,lqa + |^7p.7g.75 = 7+ 

Let be the vector subspaces -.F^ = 7+F, F~ — 7_F 

7+F- = 7_F+ = {0} ^ F+ n F- = {0} 

so : F = F+ ® F- and V0 G F : = 0+ + 0" = 7+0 + 7_0 

These two subspaces are isomorphic. Indeed for any non null vector v of 

C1(4,C): 

PeV = vp^^ ^ %p (v) = p (v) 7_g =^ %p {v)(f)^ p (v) -f^^(j) 

For any homogeneous element w of order k in C1(4,C) : 
w = Vi Vk : 

p{w)-f+ = p{vi Vk.p+) = p{vi Vk-l.P-.Vk) ^ p{Pe-Vl Vk-lVk) = 

7gp(w) with e = (—1) 

and similarly for 7_. Thus if -u; G CIq (4, C) we have p {w) 7+ = 7+p {w) 
and p (u") 7_ = 7_p (-u;) : and F^ are globally invariant for the CIq (4, C) 
action. Conversely Cli (4, C) exchanges and 

The Spin(3,l) group image by T is Spiric (3, 1) C CIq (4, C) . So the split- 
ting F+, F~ is stable under the Spin(3,l) action. (F, p) is an irreducible rep- 
resentation of the algebra C1(4,C) but a reducible representation of Spin(3,l) 
: (F,p) = (F+,p)e(F-,p). 

4) This splitting is extended m. F ®W. Tensor product being associative 
we have : 
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F^W ^{F+®F-)0W = {F+®W)® {F- W) 
and any tensor ip can be splitted in the sum of two tensors, each one 
comprised of 2 complex components over F: 

i/j = ^|J+ + i/j- with 7+'?/'+ = 'y-i'- = ijj-, 'yei'-e = 

V' = E,- (7+0i + ® fj = 7+ (E, 0. ® /.) + 7- (E, 0. ® fi) = 

7+V' + 7-'0; 

r = [7+0,T + [7-0.T = [7+]; 0f + [7-]I 0J = [7+11 V'^^' + [7-11 V'^^' 
The sphtting is stable under C/q (4, C) : 

-iw e C/o (4, C) ■.^{w,g)i, = Y.k,i [P ° (^)]; [X (5)];' e^ ® fj 

= b4 ° ^ (^)]'' ® 

+ Em [7-]>^'[poTH];[xMe.®/, 
- E.,,p ^^Mp ° T H o 7+]; [x e. ® 

+ E..^^' [P ° T H o 7_]; e, ® 

= E.,z,p [7+ ° P ° T {w)]; [x ig)]i e. ® f, 
+ Ek,irni-opoT{w)l[x{g)]ie,^f, 
= E.,,p [7+11 [P o T [x {g)]i ® f, 

+ Em Ml [P ° ^ i^t ix {9)]i ® 

The two vector spaces are isotropic for the scalar product defined previ- 
ously : 

(^i,V^2) = Tr ([7/'i]*7o \ip2]) = J2ijk^iij'^i 

If [^2] = 7e^2, [i'l] = le'lpl ■ [^l]*70 bp2\ = [^l]*7€7o7€' [^2] = [^l] * 7e7-e'7o 
£ = (V'1,V2) =0B 

5) £5 does not depend of the choice of an orthonormal basis, and so for 
7e.The splitting can be lifted on the fiber bundle. At each m the fiber over 
m can be splitted in F+ <^ W + F~ <^ W. 

13.2 A choice of the F space 

1) These features lead to precise the choice of a specific basis of the vector 
space F : a basis which refiects the splitting in the direct sum of two 2 
dimensional complex vector spaces. 
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Let be this basis such that corresponds to the two first vectors (ci, 62) 
and F~ to the last (63, 64) : 



F+ = 






h 

04 



The conditions : F+ = 7+-^, F — 7_F; 7+ + 7_ = 7; 7e7_e = lead to 





'h 


0" 




"0 


0" 


7+ = 








,7- = 





h 



Thus 75 = 7+ - 7_ 



/ 
-/ 



The 7fc matrices must meet : ^rfj+^j^i — ^SijI^ and we assume as before 
that : 7fe = 7* ^ 7fc7* = / 



So 7fc 



with Ak = Al,Dk = Dl Al + BkBl = 7 = 5*5^ + L*^, A^B^ + B^D^ = 
The conditions k=0..3: 757^ = —7^75 impose : A^ — — 

° withSfcS*=72 



so 7fe 



5^ 



The condition 75 = 7o7i7273 imposes :BqBIB-2BI = 72, BiB^B^B^ = -72 
2) There are not many choices left, and we come to the solution : 





"0 






"0 


0-2 




"0 






" 


(To 


7i = 







;72 = 


(72 





;73 = 


(73 





;7o = ^ 


-(To 






with the Pauli matrices : 





"1 0" 




"0 1" 




"0 


-1" 




"1 " 






1 


;cTi = 


1 


;cr2 = « 


1 





;cT3 = 


-1 






1,2,3 


: (TjCTj + (TjCTj 


= 25ijao; 


(7i 




; (7i(j2 = 


^0-3; (72(73 = iai] (73(71 



^(72 



With this choice we have : 

^ [r^^V^ 
a<4 : K] = -^l K 



; a>3 : [Ka] 



-(7a-3 
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3) The kinematic part of the state of particles is described in a two 2- 



complex components vector : (p 



, and e F+, 0^ e F" are Weyl 



spinors. The state is described in a section = 

ijj'lJ = l..m,i = 1,2 

We will denote [i/jr] , the 2xm matrices. 



where '^j^^ '^^^'^^ ^ 



14 LAGRANGIAN 

The lagrangian is comprised of 3 parts, related to the particles alone, the 
field forces alone, and the interactions. 



14.1 Particules 

1) For the particles the lagrangian cannot depend of the derivatives, which 
depend on the fields. So the simplest choice is : 

qmN {ip,ip) = QmNTt {[ip]* 7o [ip]) with some real scalar qm 



ao 
-(To 



Tr {[i^n]* O^l] - [^l]* H'r]) = 2tlmTr ([^r]* O^l]) 
(^,^) = -2ImTr([^R]*[^i]) 

This quantity does not depend of the jauge or the chart : this a function 
on Jl, evaluated at / (m) . 



2) It would be legitimate to add some dynamic part like V"Va but it 
raises two issues. First we should put some "mass", which figures in ip. Second 
the mass is the "charge" associated to the gravitation field, so it makes sense 
to keep the dynamic part linked with the covariant derivative V'0- We will 
see how. 



14.2 Fields 

1) The lagrangian depends on the curvature forms and cannot involve ip or 
exphcitely A. We will assume that the derivatives d^O' are not present, thus 
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G does not appear and the lagrangian depends uniquely on the curvature 
forms. 



2) The simplest solution is to take the scalar product defined before. For 
T A it reads : 



This a real quantity because this scalar product is hermitian. 



3) The same choice for gravitation would lead to ac ^ {^Ga/i-, ^[ 

with some scalar product on o(3,l). The only natural choice for this scalar 



G 



product is the Killing form i?(X, F) 
Riemann tensor : 

\^G Yl,aB\u 9°'^9^^B {J'sa/B, J^BXfi) 



2Tr( 



X 



Y 



which gives with the 



al3Xfj, 



9 



aX 



Bal: 



= lac Y..PX, 9'''9^'Tr (O'l [R^^] OQ-' [R,,] O) 
= ¥gY.o.px,9''Y''Tt{[R^,] [R^,]) 

The trouble is that the Killing form is not positive definite. It is possible 
to turn over this problem by using the "compact real form" of o(3,l) (Knapp 
[12] VI. 1), in fact treating gravitation on the same footing as the other fields, 
and considering a complex valued connection. But this would move us further 
away from the traditional affine connections. 

The alternate option is use the Palatini action, as in General Relativity. 
It can be computed with our variables, as seen before : 

The scalar curvature is (equation [TTl) : 



a(3ijk 



J k 



and the lagrangian is aG^aa/Sij ^Gai3 ii'^a] ^i^h a real scalar 

So explicitly : 

Lp = ap {Ta, :Fa) + aa Ea^a, J^Ga^ {0^01- OlPl) 

= ¥FEaa0Xu^mVW'OfOTO^O',J-%,,J-: 



jaajBXfiijkl 



-a 
' AX^l 
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Remark : one could introduce a cosmological constant A such that the 
lagrangian becomes : og (A + R) and A acts in the action through the 
density -^|det 



14.3 Interactions 

As said before we have to address two interactions. 

1) The "static" part : It models the pure action on the state of particles. 
This is for what we defined the Dirac operator. So the simplest choices are : 
{Dt/j, Dt/j) , {Dt/j, t/j) , (■0, Dt/j) . The first one leads to quadratic terms in the 
derivatives, hut the two last ones cannot guarantee to deliver a real scalar. 

So we have two options : 

l{{D^|J,^P) + {^|J,D^P)) = Re{^P,D^^J) 
ii(W,^)-(^,D^)) = Im(^,D^) 

Clearly the term in daip in the lagrangian is crucial. That is 

with Re {ip, Dip) we have 

with Im Dip) we have 

Im Tr {[r] loY M) = E.{Rerr (77- [iPr]* Ur [drM - [M* Tr [drM) 
and wc have the identities : ReTr ([■0]* cr^ [dai^]) — \daTr ([■0]* Or [■0]) 
Indeed : 

Tr[iP]* ar[drip] 

= Ea Of E, + + ^21^2, ^^^y ^ afi^'d^lP^^ 

Tr [^rao\^r1P] = \^rY.^,W't 

Tr[^]Vi [driP] = T.,dr{'ip^'i^^') 

Tr [lP\* fT2 [drip] = % E, -?''.9,^2i ^ 

Tr \iPX as \driP\ = \ E, dr [W't - 

As we see if we take the imaginary part of the above expressions il would 
be null for r = 0, 3 thus making two privileged directions, and that does not 
happen with the real part. It is a rather weak argument, but let us say that 
this option has been tested before (Giachetta [5]). 

So we choose e = — 1 and the following lagrangian : 

ai\i {{Dip, iP) - {ip, Dip)) = ai Im {iP, Dip) 
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2) The "dynamic part" It involves the fields, the state of particles and 
their velocity. The simplest choice is : 

V is a vector field, so this quantity is covariant, and invariant in a change 
of gauge. As above we need a real quantity. There is no obvious reason 
for one or the other option. Let us say that after testing both, the most 
physically meaningful is the same as above. So 1 take : 

an 1^"^ ((Va^, ^) + (V', VaV')) = 1^1 (V^, V^V^) 

with a real scalar constant an 

14.4 Summary 

The full lagrangian of this model is : 

(79) 

jCm^N {gm ip) + ai Im {ip, Dip) + Ea 1^ det O' 

Cf = {ap {Ta, Ta) + aoR) det O' 

The lagrangian is defined through intrinsic quantities so it is invariant 
under gauge transformations or change of charts. 

It does not involve the partial derivatives d^O'^ of the tetrad. There is no 
obvious need to introduce them, as the scalar curvature answers to the inter- 
action between the geometry and the gravitational field (as it appears very 
clearly in the formula R = 'Yliijk i^v^ ^i^^'j ^''^^ ' additional item should 
be purely geometrical in nature. In some ways a cosmological constant (which 
acts through the volume form) is a tentative solution, but "purely scalar" in 
that it does not involve any space-time distorsion other than dilation. Even- 
tually what is missing is some equivalent of the term aM {ip, ip) , meaning 
that space-time itself is more than a container, and possesses some intrinsic 
property independantly from matter and force fields, all this without rein- 
venting the aether... So for the simple purpose I have in mind I will keep the 
simplest solution and stick to this basic lagrangian. 

The matter part of the lagrangian writes : 

Cm = N (det O') (au (V^, ^) + ai Im (^, Dip) + ao Ea V" Im {tp, Vai^)) 

= TV (det O') {aM ^) + Im J2r '^lOr [Y] [Va^]) + Im V^"a,,Va^)) 

= N (det O') {aM {ip, ip) + Im (E, a,0° [7^ + E^ V'^anl) [V„^])) 
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with I the unitary 4x4 matrix, and it will be convenient to denote the 
operator : 



\ r a / 

SO : Cm = N (det O') (um ip) + Im E„ D% [V„7/;])) 
With this notation it is obvious that aj Im {ip, Dip) accounts for the kine- 
matic part (rotations in the tetrad) and a^) V^" Im (■?/', V^'?/') for the dy- 
namic part (displacement within Q). 



15 LAGRANGE EQUATIONS 

The Lagrange equations are just the transcription of the previous ones but, 
as expected, one can get more insightful results. 



15.1 Gravitation 

We will define two moments : P, which can be seen as a "linear momentum" , 
and J, as an "angular momentum", both computed from the state tensor, 
but gauge and chart invariant. The most important result is that the gravita- 
tional potential G can be explicitly computed from the structure coefficients 
and these two moments. The torsion is then easily computed and it appears 
that usually the gravitational connection would not be torsionfree. 



15.1.1 Noether currents 

1) The Noether current reads (equation |58|) : 

with = V E., Re (M m] + Im (K] m^) 

Cjctp 

Let us compute the partial derivatives with respect to Re Va'?/'*"' , Ini Vq,'?/'* 
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Lm = N {au V-) + Im (V', Ea [VaV'])) 

Im(^,E„^M [V.^]) 

= E.,,Im(M*[7o] ra):[V.^]^^ 

= E„p, Rc ([^]* [70] [/^^]); Im [V^^l^r + Im ([^]* [70] [D%])1 Re [V^^]"^^ 
'""^tS^I^"^^ = E,, Im m [70] [DtA)l m = I- ([^]* [70] [D^l 
''"^^Sv!!^^""^^ = Ep, Re m* [70] [i^^]); = Re ([^]* [70] [i^^Dl 
dRife^ = ^Im(M*[7o] 
^,||^ = 7VRe([^]*[7o][D^])^ 
So : 

= ^ E., (im m* [70] Re ([kJ [^|;])] + Re ([V^]* [D^])^' Im (K] [V^]) 

+2 Em ac {0^,PI - 0^0^^) [It a, G,t 

YS^ = NlmTr [^]* [70] m] (Kl [V'D+S E^ «G {O^^fil - O^O^J [it a, G^] 

In the orthonormal basis : 

^G = (Ea,.ArimTr[^]*[Dg(M 

+2aG Em/3 - OiO^J [It a, G^]' 0:)dr ® It a 

With = = (aj [Y] + E.. O^y^az./) = (a, [7I + y-^az./) 

= Ea,.{^ (ImT^r [707I W + aoV^ lmTr{[r] [70] K] [V']))) 

+2aG Em/3 - OjO,"J [It a, G^fO'ndr ® ^„ 

We have for the first term: aj Im Tr ( [■?/'] * [707*"] ['?/'] ) 
a<4 : Tr ([^]* [707I [^a] [^]) = |Tr - ^£a,(T„^i) 

a>3 : Tr ([^]* [707''] K] [V^]) = t^Tr (7?"Y'R^r^a-3^R + ^2(x,a„_3^L) 
with (7i(72 = icTa; (72(73 = iai, a^ai = i(72 the quantity Tr ([V']* [707''] ['^a] [V']) 
given by the table : 



a\r 







1 


1 




+ '02o-i'0l) 


iTr(V'^VR-V'2V'L) 


2 


-\TT{rR^2i^R 

-iTr {rRCTsijR 






3 


+ ^2c^3^l) 


-i\Tr {ilJ*Ra2il^R - ^2(T2^/^l) 


4 


-i\Tr {ip*jiai^R 
-i\Tr {ip*Ra2i'R 




t\Tr irR^R + ^l^jl) 
-\Tr {ip*Ra3ijR + V>l(^3</>l) 

^Tr{rR'J2lpR + rL'^2tl^L) _ 


5 


- ^Icts^l) 


6 


-i\Tr (V'RfTsV'ii 
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a\r 
1 
2 
3 
4 
5 
6 



i\Tr {iJ*RaiijR - ^laiilji) 

i\Tr {rRi^R + rii^L) 
-lTr{rR(7i^R + rL(^i^L) 



i\Tr {'^R(T2iljR - i^la2ipL) 
-i\Tr i^p*ji(XiiljR - ^PlaitpL) 

\Tr irRi^R - 
-\Tr{i,\a2i>R^i>lo2i)j:) 



i\Tr irR'^R+ri 



As Tr {ijj*akijj) e R the quantity ImTr ([-0]* [totI [^a] ["0]) is given by the 
table : 



ImTr([^]*[7o7l K] [^]) 



a\r 





1 


2 


3 


1 








J-^ 




2 












3 












4 




J° 








5 







JO 





6 


J3 











with 



Jfc= -^Tr (r/^^'^V^^afcV'i? - ^2^^^^) (81) 
One can check that : 

We denote by [J] the 1x4 row matrix J^. So : 



Im [7'] [k,] [^]) = ImTr ([^]* [7o7l K] [^]) = {[J] [^J), (82) 
and : 

E„,ImTr([^]*[7o7l M M)5.®^a 

= ta,r Ma - V''^'"'JM ® = Ea,. ([>^] ® 

The quantities are real scalar functions, invariant in a gauge transfor- 
mations, and so are not components of a vector field on M. We see that the 
geometrical pertinent quantity is Ear- (["^i \j^a\)r(^r which is a vector, similar 
to a relativistic angular momentum. 

Remark : one can check : 

W boY] Vl^] = i {ri^^^*R(^kijR - i^lcTki^L) 

So (V', Yil^) = Tr ([V']* [7o7l m = iTr {v"'rR'^ki^R - ^i^feV'L) - -2 J. 



121 



3) The second item : ImTr {[tp*] [70] [-0]) 

Tr {[ip*] [70] [i^a] [i^]) is a pure imaginary scalar as one can check : 

Tri[r]bo] M m = Tr {[r] [70] K] mr 

= Tr ar] KY [70] m = -Tr {[r] N K] bo] N M) = -Tr ilr] N M) 

So let be P„ e R : Tr ([^*] [70] [kJ [V-]) = iP„ 

a<4 : Tr {[r] [70] [^]) = |Tr ([^|,] [a,] ^ - m K] M) 

a>3 -.Tr {[r] [70] bP]) = -^Tr ([V'^] [(j„_3] M + [rA i^a-s] M) 

So : 



[Ka] m = Tr ar] n m) = (ss) 

The quantities Pa are real scalar functions, invariant in a gauge transfor- 
mations. The geometrical pertinent quantity is ^ V^Padr <S> 1^ a ■ 
One can check that : 

+ {-\Tr {m Wa] m + m K] 

4) The third term is E^/? {O^pPI ' 0',^ [^„, G^tO'^ 

E,., (0,^,0,", - oio^J [It a, o: 
-Em {^IPi-KPi) [^-G/^]' 

EL=i G'ac ('^g.G';^ - 51 G^^) can be computed exphcitly : 

a=l : G?, - 5;^Gl)+G\, {S^Gl - 5;^Gl)+G^,, {S^Gl - 5;^Gl) 

+G'u - S^Gi) + G\. {51GI - 5;^Gl) + G\, - 5;fil) 

a=2 : 

Gil {^'qPl^ - ^lP\d + '^22 {^'qPl^ ^ ^pPlt) + '^23 {^'qPn ~ ^pPlb) 

+Gl. (KA - SpA) + Gl, {6lGl^ - 6;^Gl) + Gl, {S^G^ - 5;^^ 
^31 {SqA - S;,Gi) + Gl, {Sl^Gl - 5;^Gl) + G\, {5lfil - 5lfil) 

+^34 {^'A - KA) + Gk - s;aJ + Gle {s',A. - KAJ 

a=4 : 

Gl {^IGl - 6;^Gl) + G\, {S^Gl - 6;^Gl) + Gl, {S^Gl - 6;^Gl) 
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+^44 {SI A - KA) + ^45 {siA. - ^;A) + {si,Gl - 5;^Gl) 

a=5 : 

^51 {Sq^Gn ~ Sp^GlJ + G52 {Sg,Gl^ - S^^GlJ + Ggg {S^^Gl^ - S^^^G^^) 

+GI4 i^iAb ~ KA) + Gk i^iAb ~ SpA) + gIq {s^^Gi^ - ^pjCgJ 

a=6 : 



^\(^Ab- KA\ + G\{siA- 5;^Gl)^ + Gts{si,Gl- s;^G^ 

+GI4. {SqAb ~ KA) + Gm {SqAb ~ Sp^GgJ + Gge {^lAb ~ KbGgb) 
With the chosen basis in o(3.1) the structure coefficients are : 



G12 — ^1; G'ls — ~ 


Xb. fib _ 


- 0; Gk — Sq-, Gk — —5^ 




r^b _ <:b. /^b _ 
'-^23 ~ "1' '-^24 ~ 


'1' ~~ 


- 0; Gk = 51 






<^34 = Gk = - 


si', Gk = 


= 






r^b r6. /^b 

"-^45 ~ "31 '-^46 ~ 


SI 








Gk = -S\ 










So : 










a=l ■■ ^3 KGlb - 


- s;A) 


- Si {sAb - 


-s;A) + sUsiGi 


- s;A) - 


^\ i^lAb - siA) 










a=2 : -51 {Slfil^ 


- s;A 


)+SUSlGi 


-s;A)-st{siA 


-s;A)+ 


SI {sifii - sifii) 












- s;A) 


- '^i^ {S'^bGl - 


-s;A)+snsibGtb 


- s;AJ - 


^^4 {siA - s;A) 










a=4 : SI {61GI - 


- s;A) 


- SI {siAb - 


- s;A) - s's {sAb 


- s;A) + 


Si {sifil^ - 5;fil) 










: -51 {5lfil^ 


- SI A 


)+sl{s'qAb 


-s;A)+si{s^qA 


-s;A)- 


s\ {siAb - s;A) 










a=6 : <5t {51GI - 


- s;A) 


- SI {siAb - 


- s;A) - SI {s^Gi 


- s;A) + 


SI {s^Gl - 5;^Gl) 










One gets ELi feG^, - ^^^.^^J = 


[Tg]"'^ with the table Tq : 



a\r 







1 


2 


3 




1 


{Gl 


'Gl) 


{Gl + Gl) 


{-Gl - Gt) 


{Gl- 


Gl) 


2 


{Gl 


-Gf) 


{Gq - Gl) 


{G\ + Gl) 


{-Gl - 


-Gt) 


3 


{Gl 


'Gt) 


{—G'o — G3) 


{Gt - Gf) 


{GI + 


G\) 


4 


{Gl 


-Gl) 


{-Gl G^) 


{Gl — Gl) 


{Gt + 


Gl) 


5 


{Gl 


-Gf) 


{G'o + 


{-Gl Gt) 


{Gl- 


Gl) 


6 


{Gl 


-Gl) 


{Gl - Gl) 


{Gl + Gl) 


{-G\- 


-Gl) 
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[TgV = E Kg;^ - Slfil) (84) 

bc=l 

5) The matter part of the Noether current Yq is : 

N Ea,r («/ i[J] [^a])r + V' Pa) 9, ® it a and : 

YG = J2iN (a/ {[J] [lia])r + anV^Pa) + 2aG [TgT,) dr ® It a (85) 



15.1.2 Superpotential 

1) The superpotential ^4 (Zg) is given by the equation 1571 with 

Zg = Eaian Ad^®lta = 2 §¥^d^ Adp^^a 

It will be more convenient to isolate the constant and denote from 
now on : zu^ (Zg) = cig^g so that : 

Zg = 2 (OLOl - OlO^J d^Ad,0 It a 

nC = (2 Eaian - OiOl) A d,) ® It a 

2) Its exterior derivative is : 

dllG 

E'=o dp {{O^v Gq - O^g ) det O') 

= d, ((o£o£ - o£o£) (det O')) + {OlOl - 0^0^) d, ((det O')) 
= (det O') 0^^^d,Ol - Old.O-^ + O-^ {d,Ol + OlTv {Od,0')) - 
0l{d,0l + 0lTr{0d,0')) 

= [T^raOXa + ' OlD,^)) (det O') with C^^^ = 

Where : 

Ea/3 O'^ {O^dpO^ - O^gdpO^) = [dp, d,Y = c;^ are the structure coeffi- 
cients of the basis di 

A = 9,0f + O^Tr {Od,0') = ^Y.pdp (of (det O')) is the di- 
vergence of the vector field di : DiW^ = £3,'^ a "^01 = Div {di) 

It is easy to check that : i=0,..3: Di = Ej=o'^i 

Do = Cio + + C30 = —c\ — C5 — Cg 
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-^2 = + + C32 = 
-^0 = + C]^3 + C23 = 

So : 

d^G = -4 EL:=o (-1)"^' {OrCU + - det O' 

A . A dx".. A dx^ (8) 



a=0 r 

(86) 

3) Remark :-Ct74 {Zq) can be computed directly with : ZU4 = d'^ Ad^ Ad'^ Ad^ 
= {d^ Ad'Ad^A d^) (E. A d,^ ® 7^,) 

= Ea ((^' A A 93 A 9^) A 9,J) ® 

^4 {Zg) = -4aGG74 (Ea ^Pa ^ "^g^ ® "^a) 

= 8aG(9° A 91 ® "^1 + 9° A 92 ® "^2 + 9° A 93 (8) "^3 

+9=^ A 92 O "^4 + A 93 ® "^5 + 92 A O '^e) 

= Sac (Ea=i "^^^ A + dP-+^ A ® T^^) 

This quantity can be expressed with the Hodge dual of : Ea=i VpaPa^^" A 

W4 (Zg) = Sac * (-9° Ad^ <^lti - Ad'^ ^1^2 - Ad^ ^it^ 

A 92 (g) "^4 + 91 A ® "^5 + 92 A O "^e) 
W4 (^g) = Sac * (ELi ^PcPc^^" a <8 ^a) 

15.1.3 Equation 

This equation is linear in G" and thus can be solved exphcitly. 

1) The gravitational equation reads : 

^4 (Yg) = iacrfnc or Va, a : = -2 E,. i^cyd^ ( '^I^tT^ 

with = Ea r («/ ([-^l [^a])r + aoV^Pa) + [Tg]"^ 

{N {ai {[J] [Ka])'r + aoV-Pa) + 2aG [Tg]"0 O," 

= -2aG E. (c;.,. + 5iD,^ - s;d,^) o: 



C4 + C3 C2 
1 " ^ 1 

^6 + ^2 ~ ^1 
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That is : 

2aG 



[TaV = -cl + - 51D,^ - ^ {ai ([J] [k,]\ + anV'P,) (87) 



where [To] is the previous table. We have 24 hnear equations which are 
with 



N 

ELi Gl Kg;^ - s;,Gi) = -c: + s;d,^ - 6iD,^ - k: 
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a 


r 


LHS 




RHS 


1 


1 


Gl + Gl 




-c\ - Kl 


1 


2 




-A 


,-4-Kl 


1 


3 


-Gl + Gl 


D2 


-cl-Kl 


1 









-4 - Kl 


2 


1 


— G2 + ^0 


-cl 


+ Ds- Kl 


2 


2 


G\ + Gl 




-4 - Kl 


2 


3 




-D,-4-Kl 


2 





-G\ + g;^ 




4 - Kl 


3 


1 


— tjg — (j^Q 


-4 


-D2- Kl 


3 


2 






-4-Kl 


3 


3 






■4 - Kl 


3 









-ct - Kl 


4 


1 




-c\ 


-Do- Kl 


4 


2 






- K^ 


4 


3 


G^ + G\ 




4 - Kl 


4 







Di 


-4-Kl 


5 


1 


G^ + Gl 




-cl - Kl 


5 


2 


-G| - Gl 


-Do -4- Kl 


5 


3 


— G4 + G2 




-4 - Kl 


5 





- (_T^ 


D2 


-4-Kl 


6 


1 


-Gl + G^ 






6 


2 


Gi + Ci 




-c^ - K'^ 


6 


3 


-Gf - Gl 


-Do -4~ Kl 


6 





-Gl + Gl 




_ r-o - R-o 
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and the solution is : 2G^ — 



2G" 


V 






-1 

r = 1 




Go 




- 

c% 




+ Cl - A2 - A| - C2 - 


^3 
- C3 






„3 


Gf 


A2 + 2c^ + A f - A^ 






-Kl - + Kl - Kl + c\ - 


- r° 








Gt 


Kl - K\ + Kl + 2c\ 




Gf 


-i^l - 24 + Kl + 7^1 




Gl 


- Kl + Kl + 2cl 




Gf 




- c" 

C3 


Gl 


-K2 + Kl + + 2cl 
r = 2 




G? 


-i^l - 4 + - X| + 4 
r = 3 


-4 


G\ 


i^i + + Kl + 2c2 






i^s + i^f _ Kl + 2c? 




G\ 


-ifi -c\ + Kl - Kl + cl- 




G\ 


/rf + Kl + ^0 + 2c^ 




G\ 


Kl + Kl -Kl + 2cl 




G\ 


-Kl -c\- Kl + Kl -4^ 


-4 


G\ 


-Kl-c\-Kl + Kl-cl + cl 


G\ 


-Kl-cl-Kl-Kl-d- 


C4 


G\ 


Kl-Kl + Kl-2cl 




G\ 


Kl-Kl-Kl + c1-4- 


^6 


G% 


-Kl-Kl-Kl-cl-cl- 


•^6 


G% 


Kl + Kl-Kl-24 





Notice that in this equation ony the momentum K appears, and not i/j 
per se. 

In the vacuum the gravitation field is not null (in accordance with the 
General Relativity) and entirely given by the structure coefficients which thus 
fully represent the geometry of the universe. 



2) The Noether current : YS' = -2aG {cl,. + ^^D,^ - S^DJ is 
expressed with the structure coefficients only. 
We have the table : 



a\r 





1 


2 


3 


1 




-4 


- i4 + cl) 


i-4 + 4 


2 


-4 


i-4 + cl) 


-c^ 


- i4 + 4 


3 


-c° 


- i4 + cl) 


i-4 + cl) 


-4 


4 


(4 -cl) 


i4 + cl) 




_p3 
C4 


5 


i-4 + cl) 


-4 


i4 +'cl) 




6 


(4 - cl) 


-4 


-4 


i4 + 4) 



The flux of this vector through the S(t) hypersurfaces is conserved. That 
is IsiO) ^4 iYo) = (Yg) 
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15.1.4 Symmetry 



The value of the torsion tensor Ve© = . (2c!; „ + T'^'') d^'^ A ® dr has 
been calculated previously (table 2) . 

Using the results above we get the table: 

©3 -©2" 

61 

-Bi 



©0 

©0 . 

with : ©0 = - {Kl + Kl + Kl) ; Gi = -K^ + X| + Kl; 63 = -Kl + 
Kl + Kl; 03 = -Kl + i^i + i^o 

©0 = - ELi ^a^s; = 1, 2, 3 : = i^,^^^ - Ki^^ + /r,%3 

So in the vacuum the torsion is given by the structure coefficients. And 
the connection is torsion free iff the particles have some specific distribution. 



(Ve©): = 3 [<] + [Kl + \ 








-©1 
-©2 
-©3 





-©3 

©2 
©0 






15.2 Other force fields 



We will define two moments : the " charge" Pa and the " magnetic moment" 
T^a, both computed from the state tensor, gauge and chart invariant. The 
law for the fields take then a simple, geometric form, independant from the 
gravitational field: 



15.2.1 Noether currents 



1) The Noether currents are : Y^r = Ea ^AR^a, Y^j = Ea YXi^a with : 
YrR = V E,- Re ( [^0] [6^]% + Im ( [^0] [6^]% 



+2 Eft 



Re 



A,Q!/3 



+ 



'J 

dLjr 



dlmT". 



dim VaV*^ 
^ a, 



Im 



^ AI 



^E, 

+2E '''' 



dL 



M 



.bp 



Im 



5" 

Im([z^O] [9/)] + ^, 

^ dip - 



3 



+ 



dim J* ^ 



Re 



■ ^ 

a, 



We have already : 
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Computation of the derivatives with respect to Re Im J^^^^^ 

= «Fi Ea E,«Am g''g^' (Re J-l,^ - t Im (Re + t Im J"^, J +aGi? 



dLp _ p„ 'pb,aP 



A,al3 

dLp 



dLp 



-^4 -t- vT 



ap Im J^^' 



■b,a/3 



i\ap 



-2i ImT 



So the equations are : 

YX^ = N Im m* bo] [DU)l Re (^ [^.]T.+Re ([^]* [70] Im ( [^0] Y. 



+2af E6/3ReJ-^'"^Re 



+ Im J^^"^ Im 



^ a, 



= TVImTr [^]* [70] [Dt,] [^] %f + 2a^ E.;3 Re ( P 



a, 



= TVImTr [V']* [70] ^1 bP] [Oaf + 2ap Re ( 
YXf = N E,, - Im m [70] Im ([V'] ^T.+Re {W [To] Re ([V] [^a]*); 



+2a^E6 



Re J-'^'"'' Im 



^ a, 



1 6 



+ Imr 



Re 



1 b 



^ a, 



= TVReTr [V']* [70] [i?^] [V'] M + 2a^ E^Im J"!' 



= A^ReTr 



[70] [ea]' + 2apY.M^ra 



■b,al3 



a,^/9 



is the scalar product 



bp- 



d a, 

a, 



■a/3 



1 A 



in TiV^ and 



with our assumptions that the scalar product is preserved by the adjoint 



operator : V"^, "^1, "^2 e T^U^ : 



^ a, 

Thus : 



^ a 



> -^A 



YX^ = TVImTr [^]* [70] [V^] [^a]* + 2a^ Re 
= TVReTr [^]* [70] [i^^] M [^a]* + 2a,.E^Ini 



A T'^'^ 
Ap,-r A 



■a/3 
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2) Let us compute the first terms : ImTr [-0]* [D%\ [-0] [^„]* , ReTr [V']* [i?^] [V'] [^a]* 
= a.E.a^IniTr ([V^]* [707I K]*) + a^^y^ImTr ([V^*] [70] [iP] 

a) [^]* [7071 m [Oat = ^ iv^' IM* m [9af - m* [^l] [Oat) 

So : Tr ([^]* [707I [^] = iTr ((77"' [^r]* a. [^«] [^.]* - [^jl]* Or [^a]*)) 
We have assumed that the representation (W, x) is unitary so [^a] is an- 
tih ermitian rfgp]* = - [gg] , [61a]* = -\Q^ and : 

Tr ([V'r] V, [V'fl] = ([V'fl]* a, %t)* = -rr ([V'ii]* (7*hM [^a]) 
= -Tr ([e„]* \i,nX Or \i>R\) = -Tr {^M* [^ij] [^a]*) 
Each quantity Tr ([V'ii]* cr^ [V'ii] [6*0]*) , ^r ([-0^]* cr^ [V'l] [6'a]*) is an imagi- 
nary scalar. 
Let be : 

[707'-] m \Qat) = ^Tr {r^^^ [^^]* a, [^h] [Oaf - [^l]* a. [^^] [Oaf] = - [^Ya 



[7o7l m [Oaf) = iTr (r?- [^r]* a, [V^«] [^„]* - [^^Y a, [V^J [^,]*) = - [f^l 

(89) 

b) [^*] [70] [^] [^a]* = ^ {[^I^rY [^l] [9aY - [^l]* [^i^] [^a]*) 

So : Tr {[r] [lo] [V'] [^a]*) = iTr {[^|^nY [^l] [Oaf - [V'l]* [i^n] [Oaf) 
With the same assumption about [9a\ as above : 

Tr[i^nY[i^L] [OaY = Tr [{[i^nY [V'l] [^JT) 

= Tr (m['pLY ['Pr]) = -Tr {[Oaf ['PlY [^«]) = -T^r ([^^]* [V's] [^^J*) 
So one cannot tell much about the individual quantities 
Tr{[^j^Y[^R] [OaY),Tr{[^l.nY[^L] [9aY) 

but that they are complex conjugates of each other. So the difference is 
a r eal number: 

T r {[^l^nY [^l] [OaY - [ ^l Y [U [dgf] 

= Tr {[^nY [^l] [Oaf) - Tr {[^,Y [^r] [Oaf) 

^ -Tr {[^lY [^r] [Oaf + [^rY [^l] [Oaf) 

^ -Tr {[i^.Y [i^R] [Oaf - [i^RY [i^L] [Oaf) 

= Tr {[^rY [^l] [Oaf - [^lY [U [Oaf) e K 
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So let be 



{A boY] m [Oaf) = iPa= iTr {M* I^l] [^J* - [^l]* M [^a]*) (90) 



3) The currents read : 

Yar = NaoV-pa + 2aF Re [A0,J^^ 

= -Naj Zr O? [m - + 2aF Im 
We can combine both currents Ya = J2a O^ar 



iY^f ) da and denote : 



da (91) 



Pa is similar to a "charge" of the particle, and /ia to a "magnetic mo- 
ment". The a index is related to the kind of force. These quantities are 
functions on M and therefore invariant by a change of gauge. The matter 
part of the Noether current is : 

N Ea {anVya - tai Er O: Ml) da 

The Noether current is a geometric quantity. As we see in the formula 
above the pertinent geometric quantities, pertaining to the particle, are the 
4-vectors : 

- the "charge current" linked with the velocity : Pa^ = Ea ^'^Pada 

- the "magnetic moment" linked with the tetrad : = Er [P^Ya 
Remark : these equations do no involve gravitation. They can be seen as 

relating the fields to the sources. The gravitational field comes back through 
the trajectories of the particles. 



15.2.2 Superpotential 

Implementing the previous definitions : 

= Aap (det O') Ea<^ Ea<i3,a ^ (^, P^ Re T^^dx^ A dx^^ 
n^, = 4ap (det O') Ex<, Ea<^,a ^ (A, P, «, lm:Fr^dx^ A dx>^ 
Let us introduce : 

= ^"AR+i^'ki = 4 (det O') ap Ex<, Ea<p,a e (A, P, «, /S) TT^dx'Adx^ 
WX = -4 (det O') apiJ^'^'^^dx'^ A dx"^ + J^'^'^^dx^ A dx^ + F'^'^^dx'^ A dx^ 
A dx^ + J^'^'^^dx^ A dx^ + J^'^'^^dx^ A dx^} 
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We can recognize the Hodge dual of the conjugate of the curvature form 
(cfEl]): 

So we can write : 



= Aap (*^;) (92) 
15.2.3 Equations 

1) The equations [63] take here the simple form : 

w,{YXr) = irfn^^ = Re ^4(1:1) = ldReU'Xj,;zu,{YXr) = ^dU^^j = 
Imti74 (XXj) = ^dlmWXj 



{YX) = 2aFd (93) 

2) The equations read : 

Va, a : Y^n = 9, (S^^) = -^^^f Re 9, (^^ (det O')) 

Va, a : Ff/ = '^licP d, (l^^^) = -2^a, Im 5, (^^ (det O')) 
That we can write : 

Va, a : Y^ = -2^aF dp (j'T^ (det O')) 
Or : 



(94) 



Va, a : iV (a^^V^^Pa - Er C," det 0' 



Ar- 



. J^f det O' 



A 



(det 0'\ 



3) This equation can also be written as : 
tZ74 iJl) = 2aFd{*TX) 

= Nwi {an Ea y^Pada - iai Er [PR - PLYa dr)+2aFWi ( E/ 

A^t<74 (az3 Ea 1^"P"5a - ^Ct/ Er i^R ' dr) 



Or 



= 2aF i^d {*Ta) -^4(j2p 
and : 



■a/3 



da 
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^4 (E, 



4 T"^^ 



det O'dx^ A ..rfx".. A rfx^ 



da;^ A dx^ A da;^ + Y^, 



A T^f^ 



dx^ A dx^ A dx^ 



On the other hand : 






— Ea</h E/3 





dx^Adx^Adx^ + J]^ Afi.Ff dx^^dx^^dx'^}{^.eiO') 

dx'^ A dx-^ A dx^ 

with : 

*Ta = -{J^'^'^^dx^ A dx'^ + J^'^'O^cixi A dx^ + J^'^'^^dx^ A (ia;i 
+J^«'=^2^x° A dx^ + J^"'i3dx° A dx^ + J^"'2Mx° A dx^} 

10. 

A, *Fa = 



dx"^ A dx^ 



■01 



dx'^Adx^Adx'^+ 



■02 



o?a;^Ao?a;^Ao?a;^+ 



■03 



+ 



■32 



dx'^ A dx^ 



dx^Adx°Adx^ + 



■01 



+ 



+ 



21 



dx^A 
dx^A 



As,J^'' 



+ 



+ 



Ao,:f^' 


a 

+ 




a 

+ 




"ao,j^'' 


a 

+ 


'a„j^''' 


a 

+ 


"a„j-''^ 


"Ao,T''^ 


a 

+ 


^2,-^3^^ 


a 

+ 





-E«(-irME 



A^,J- A 



dx^ A dx"^ A dx^ 
dx^ A dx"^ A dx'^} 
dx^ A dx^ A dx^ 
dx^ A dx^ A dx"^} 
dx^ A ... Adx^ A ... Adx^ 



So : 



A,*J^A 



-ai3 

'a 



= -^4 (^E/3 [Al3,J^l 

Thus : Nw^ {an Ea V^P^da - iai Er [f^^Ya dr) = d + [A, *Ta 

where we recognize the exterior covariant derivative. 
And we have the geometric form of the equation : 



Nw4 (aopa^ - iail^a^ = Ve*J^ 



(95) 



On the right hand side we have the moments, evaluated at a point through 
f, and at the right hand side the curvature form evaluated without f. Notice 
that the tensor does not appear per se. 
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We see that the real part of the field acts through the " charge current" and 
the imaginary part through the "magnetic moment". So one can guess that 
the first impacts the velocity and the second the "rotation" of the particle. 

15.3 Energy-momentum tensor 

According to equations established in the previous part, the energy-momentum 
tensor 5'pL can be expressed in two different equivalent ways from the mo- 
ments and the force fields. We have a general, simple, equation which links 
all the force fields connections. It is then possible to get a simple equation 
for the scalar curvature, which does not require the explicit computation of 
the gravitational 2- form J^q- 

15.3.1 Moments 

Now we have defined all the moments that we needed. As they are crucial 
in all the calculations it is convenient to sum up here their definitions and 
properties. They are all real scalar functions, invariant by gauge or chart 
changes. 

1) The kinematic moments : 

a) the "linear momentum" P : Pa = Ini Tr ([V^*] [70] [/tj [V^]) = 
Im(^,K][t^]) 

(V, [Ka] m = Tt {[r] [70] N m = iPa 

a<4:Pa = -i\Tt [^i] - ^ K] [^r]) ; 

a > 3 : = -\Tr {[iPl] K-^] [^l] + [^2] K-^] [M) 

It depends only on 3 complex scalar s : 

a=l,2,3 ■.pa = TT {m K] [^l]) ;Pa = Tr ([^2] [aj [^^]) 

a<4 :P„ = 

a>3 :P„ = 

It is never null : 

ELi (Pa? = ELi \Tr m Wa] > 

The physical quantity is the tensor -^^^^ V^'Pada ® Ka 

b) the angulair momentum J : Jj. — —\Tr {rf'^'il^*jfFr'^R — iplaripL) 
It can be null : 



135 



= i (ELo (Tr irR^M? + {Tr (rL^ki^L))' - Ir^^^Tr (rRcrM Tr (V'£<JfcV'L)) 

{iP,Y^) = Tr m* [7o7l m) = iTr {v'-''rB.^r^R " V'l^r^L) = -2iJ. 
Im [7l [/cj ^) = Im Tr ([^]* [707I K] bP]) = {[J] [^J), 
The physical quantity is the tensor : 

Za,r ImTr ([^]* [7o7l K] [V^]) 9, = Ea,,- i[J] [^a\)r ® where 
[J] is a 1x4 row matrix 

c) one can add the function : — —2lmTr {[j/jr]* [jJjl]) — 

d) There is an important property of the partial derivative. 

As it is easy to check the derivation commutes with the trace operator 
Tr {d^ ([V^«]* a. [M) = E7=i dp iM* M)] 

b) so : 

dpTr {[iIjr]* a, [^r]) = Tr {dp {\^rX [^^r])) 
= Tr {[dpijR]* ar [M) + Tr {[^r]* [dpi^R]) 
but : 

Tr {[dpM* Or \M) = Tr {{{dpM* Or = Tr \dpM) 

so : 

dpTr (\i,RX a, \i,R\) 

= Tr {{^rX Or \dpi^R\) + Tr {\^rX a, \dpi,R\) 
^2V.<^Tr(\^RX Or\dpM) 

=> ReTr {[^rX a, [dpiPR]) = ^Tr {dp {[iPrX a, [iPr])) 

and we have the identity : 

ReTr (r/- [^r]* a, [dp^R] - ^jlX [dpi'L]) 

= Idp ReTr ((r/- a,. [^Pr] - [iP^X [^l])) 

- \dpTr {{7]"- [tPR]* a, [^r] [.PlX VPl])) = -dpJr 

And : 

Ydp^P) = Tr {[i^X boY] [dpi^]) = iTr {rj^^ <Jr [dpi^R] - [V'l]* <Jr [dpi^L]) 

So 

Im Ydpi^) = Im Tr ([^]* [707^ [dp^]) 

= ReTr (t^'"'' [^1)rX (Jr \dp'^R\ - \^iX = -dpJr 

2) The force fields moments : 
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a) the "charges" p„ = Tr {[iPn]* [V'l] [Oaf - M [^a]*) 

and the "charge current" : hnked with the velocity : PaV = ^"^a^a 

b) the magnetic moment : [/^a]^ = -{i/j,Y [^] [^af) = -Tr {[i/j]* ^oY] [^] [^af] 
= -iTr (r^- [i^nY a, [^,^] [^J* - [^z.]* a, [^z.] [^J*) 

and the "magnetic moment" : linked with the tetrad : = [/^^Ja^r 

3) The state tensor is the sum of 2 right and left components : ip = ipR+ipL- 
If each of these components is decomposable : ip = ipR ® ctr + ipL ® ctl one 
can write the matrix 

where [cPr] , [0^] are 2x1 column matrices and [ctr] , [ai] are Ixm row ma- 
trices. The previous formulas are simpler. 

with any [//] matrix : Tr ([V'l*] H [V'2]) = Tr ([tn]* [0^] [//] [02] H) = 
m] [^^] [H) Tr {[a,]* [a,]) = m] [n] [<f>,]) {[a,fW) 

Tr im M m [9af) = Tr {[a,]* m M [^2] [^2] Kf) = M] M ih]) (h] Kf Wi]*) 

a) P„ = ImTr([Vl[7o]K][V']): 

a < 4 : P„ = Im (([0^ M) ([a^]* 

a>3:Pa = -Re (([0^ [aas] [0l]) ([a^]* M)) 

b) J, = -|Tr (r^-^^a.^R - VI^t^Vl) 

= -I (^^^ ([0a [^j m {[aRfM) - m] Wa] [0^]) [wLfK])) 

c) (^,^) = -21mTr ([^«]* M) = -2Im (([0«]* [0^]) ([a^]*!^)) 

d) p'^ = Tr {[^r]* [^l] [Oaf - [^l]* [^r] leaf) 

= im [0l]) [W l] WrY) - ([01] iM) iWRUOaf WlT) 

[Wl] KfW RT) = ([^l] Kf [cTRry = {[aRY m [aL]) = - {[aRT [^a]* [aL]) 
p« = 2Re(([0a [0L])([a^] Kf Wr]*)) 

e) = (r m <yr [M {[<yR] %]' [a«]*) - [^l] [^J* ([a^] [^J* [a,.]*)) 
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4) The matter lagrangian can be expressed with respect to the moments : 

a) Im {^P, W^ilj) = Im (V-, 5,V^)+Ea Im (V-, M M)+Im K (V-, M [Oa]') 
Im V„V) = Im (V-, + Ea G'S^a + Pa Re 

b) Im (V-, 7'^V„V^) = Im 7''5a^)+Ea G'a Im Y M M)+Im (V^, Y M [^^J*) 

Im (V^, Y^ai^) = -daJr + Ea {[J] [^J), " W ' PlYa 1^ K 

c) Im (V^, D^,V„V') = Im (E. + V„^) 

Im (V^, Dt,V^^) = aj (- E.,. O'^d^Jr + Ear G':^ ([J] [^a]), - [/ii? - /iL]! Im i,^) + 

E. (im (V^, + Ea (C^^a + Pa Re A^) ) 

d) Lm = aM (V^, V^)+a/ (- Ea,. O'^daJr + Ear ([^] N), " [/i/? - /iLl^ Im Aj^) + 

E. (im (V^, + Ea {G^Pa + Pa Re A^) ) 

Notice that when the sections are composed with f then the full derivatives 
must be used : 

Im (V-, V^V-) = Im (7/;, ^) + Ea G^Pa + Pa Re A« 

Im Y^ai^) = + Ea ([^] [^a])„ - [^^R - pl]1 Im K 

15.3.2 The energy-momentum tensor 

Back to the energy momentum tensor. We have two ways to compute 
which will be both useful. 

1) Equation 168) reads : 

= -'-^v- + E,, {-^m^ Re 9^^'' + d^r) 

= ATim m bo] [Dm ; = ^Re (M* N 

Ga7 A, 0:7 A.ocy 



51L = -anNV^ Im V;3^) + E.,, Im {W bo] [/^?/]) Re dp^^^ 
+ Re ([^]* [70] [Dl,])\ Imdpij^^ + 2 Ea,, «g (O^^O" - 0;0° ) 
+aF Re J"^'""^ Re (9^3 A^ + ap Im J-;^'"^ Im dpA"^ 
61L = -aoNV^ Im (7/;, + iV Im (V', [70] [^^] 

+2 Ea,, «G {OlOl - 0;0- ) + ap {Re FT' dp A<^^ 
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So the equation becomes 



(96) 



-N 



«/ Er + anV^ Y.a ( G'^pPa + Re 



2) We can get a more convenient equation. We go back to the equation [551 
which reads here : 

expressed with respect to O : 
dL ^ ■sp dL ^ _ ni^n° '^^ 

dO'^ ^ dO'i l^j/B '^i ^ 

a) Let us compute the derivatives : 

Lm = aM (V-, ^) + ai Im E;^, O,^ Y^xi^) + an Ea (V", V,V) 
^ = a,Im (V',7^ V^V') 

^ = - E,/3 Of Im 7^^^^^) 

dip ^ 

^ _ 

dLp _ C)<^ jM±. 

dO'i ~ 

dLp _ _1„ nl^Sr ( -paa-i^a -=aa-i -j-aa-,-^ , -pa ^"7\ 

dO'i ~ 2^P^i 2^ V A Ap-i "I" A ~^ A ^ A/S-y "I" A^f^ A ) 

-2aaOf E {OlOl - O^O" ) 

f| = -2a^ E, Of E, Re (-^r, J^A,,)-2aaO^ E., ^S,, (0,^0" - O^O^^J 
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= - E/3 of a, Im t^V^jV') 

b) Thus : 



(97) 

Va, /3 : = a,iV Im (V^, 7" V/^V^) + 2a^ E^ Re ( J^, J-^^^^) 



3) Using the moments we get for equation [HT] : 

V«,/3 : = a,iV E„. O," Im 7'-V;3^) + 2a^E-, Re + 



(98) 

Va,/3 : = iVa, E. O," (-^ + (^^ {[J] [M)r ' M^Imi^)) 
+2a^ E, Re ( JT, -F^/j,) + 2aG EaX ^cpx iPlPl - 010^) 



15.3.3 Superpotential 

The superpotential is here : 

= Ea (Re^^) + (imi^) n^, + acG^n^ 

= 4 (det O') Ea<^ Ea<, e (A, fi, a, 7) {OlOl - 0;0,"J dx' A dx'^ 
WXr = Aap (det O') Ea<^ E„<-, e (A, /i, a, 7) Re J-l^'^rfx^ A dx^^ 
11% = Aap (det O') Ea<^ Ea<^ e (A, /x, a, 7) Im J-^'^^cix^ A dx^ 

(Rei^) n^^+(imA^) n^, 

= Aap (det O') E A<;. E„<, e ( A, a, 7) (Re J"!"" (Re A^) + (im A^) Im J"^'"^) dx^ A 

(ix^ —a 

= 4a^ (det O') Ea<^ Ea<,,a ^ (A, /x, «, 7) Re (A^-^1'"^) f/x^ A dx^ 
and : 



(99) 
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n^^ = 4detO'EaEA<M 



Q<7 



e (A, /X, a, 7) (acG^ (0,\0,"^ - 010^ J + ap Re ) dx^ A dx'^ 

15.3.4 The equation 

The equation [661 reads here : diJlHii) = 
That is : 

f ( ( acGl {0:i - 0° ) \ \ 

= -4 ^4 E., 5. E J , ^T" ^ I det O' 1 



-4 E„. (-1)""^ 5. 1 E J " : rr i det o' 



-Oi? Re ( ApJ^/ 



Cl'l 

^ ^ , ^ 



/—a 

+ai? Re ( A^T\ 
xdx'^ A ..dx° A ... A dx^ 

So : 



Va, /3 : = 5^ 9, l^a^ Re (A,, J^) + (O^^O,"^ - 0;0^"J j det O' 

(100) 

One can check that this equation is equivalent to the equahty of the two 
previous expressions for 5^L.This equation involves neither f (all functions 
come from Lp) or the state tensor ip.A change in the gravitational field should 
entail a change in the other fields, whatever the presence of particles, and 
conversely. 

15.3.5 Scalar curvature 

If we put a = (3 in equation [97| we get : 

V« : L = Naj Im ^^a^) + 2aF Ea Re {J^AaX, J^2^) 

+2aG EaA J'caX (O," - O'^Pi) 

and by adding over a : 

4L = Naj Im D^) + 2aF E„a {^ax^ -^T^) 

+2aG E.Aa ^G.X [OlOl - 0^01) 

That is : 

4L = Nai Im (V-, D^Ij) + Aap {Ta, Ta) + 2R 
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with : 
But : 

L = NttM {i^, + Nai Im (t/^, Dip) 

Im (V-, V^°V«) + ( J-^, J-^) + acR 
So equation [97] imphes : 

Nai Im (V-, Dip) + 4aF (J\4, J^a) + 2R = ANaM (V", V") + ^Nai Im (V-, Z^^A) 

+4iVa,j Im l^"V«) + Aap {J'a, J'a) + ^acR 
So we get the formula for the scalar curvature : 



R = -^ \^^M ^) + \ai Im {iP, Dip) + 2aD 1^ (V", ^"V«) j (101) 

It depends on the particles and the other fields, as expected, but it is null 
if there is no particle. The curvature being small, the constant ac should 
be much larger than aMydiyCLo- As the sign of N is difficult to predict one 
cannot guess anything about the signs of the terms. All the second order 
(the torsion and the scalar curvature) gravitational quantities are thus easily 
computed, without need of the curvature form J'g which does not appear in 
the equations. 

15.4 Equation of state 

The equations of state is written from the results of the previous part. It is 
not too complicated and involves the derivatives of the velocity. But from it 
one can prove two striking conservation laws for the moments: one related 
to the density of particles and the other to the "particles energy": 

E«^((A^detO') V- {iP,iP))=0 

N (det O') Lm + ai Zar ^ (det O') J,) = 

15.4.1 Equation 

The equations [501I5T] reads here : 

V^, J : = iV{E.. Re + ...^ Im 
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Re 



+ 



dim Val/'''' 



Im 



_ V 1 d ( dCM \ I AT 

Vi,j:0 = 7V{E«, 



dlh 



dRe Vai/"' 



■ Im 



^ dim VqV''° 



Re 



L " "-^ L 

E l d dCm \ I /\r ^^M 

/3 (detO') d^/5 \^dImVaV''^ y ~'~ 9ImV*^' 



-I J 



1) Computation of the derivatives g^^^j gi^'^a ■ Notice that only the 
terms in ip (and not Va'^P) are involved here. 
Lm = N {aM ^) + Im [V«^])) 



9 Re V'- 



= Ep,. [7o]; + m'' [7o]? = ([7o] m - [m] 

«^ - 2 [7o] Im = 2 Im [70] i^]); 



dRctp^i - V L /uj — LY- jyj v l /uj lt j/j 

^ - E -^m [70]: + ^ [70]^ 

^ = -2z ([70] Re M)5 = -2 Re^bo] [^Dj 

Im (V', E„ [V.V']) = E.P, Im (M'' ([70] [i^^] [^aW) 



= Eap, Im 



Re ([70] [DU [V. 



+Re 



Tip 



Im([7o] [V«^]) 



qp 



= Eap, - Im Re ([70] [1?^] [V«^])''^+Re m'') Im ([70] [/^^^,] [V„^])'^^ 

'""^^^Re^'^"^^^ = Eap, '^^'^^ Im ([70] m] [v^^p]r = E„ Im ([70] m] [v.^]);. 

'"^''g;":'"""^^ = E..„ Re ([70] [DU [V„^])- 



Japq 



q p 



EaRe([7o] P^] [V. 



2aM Im [70] im + Ea Im ([70] P^] [V^V'])' 



SRcV*^' V L (uj l~ri/j 

= Im (2aMi [70] [V'] + Ea [7o] [^^] [^aM 



-2aM Re (i [70] mi - E. Re ([70] [0%] 



aimV'-' \-L/"JL-rj/j 

= - Re {2aMi [70] ^ + Ea [7o] [D%] [VM) 



2) Wc have already 
— ■■ = TVIm 

dReVaV'-' 



[70] [^^])^ 
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So the equations read: 



= N{Eak m* [7o] Re [G^]^ + Re M* bo] [DU)i Im [G.] 



+ Im([V']*[7o]ra)-Re ia .+Re([^]*[7o]M)^Im 



- (d^^ (a^ (det O') Im ([^]* [70] P^])^') 
+7VIni(2aMi [70] M + E„ N [I^^] [V^^]); 



-'J 



.} 



= iV{E„.-Im 



Im 



[70] ra)ilm[G«]« + Re 
1 fc 



[70] [D%])iRe[G^] 



Act 



Re([V^]*[7o] [DUr.Re 



- (HiFoo (det O') Re ([^]* [70] 

-TV Re (2aMi [70] ^ + Ea [To] m] [^a^l^])] 



A. 



- E. (diFoo (det O') Im ([V^]* [70] [DU){) 

+Nlm (2aM^ [70] M + Ea N [i^^] [^a^])] 



[70] [/^^] 



* [70] 



= ^E..Re(^[^]*[7o] + 

- E. (diFoo * (det O') Re m* [70] 
-TV Re {2aMi [70] [V'] + Ea [7o] [DU [^aM 



3) We have two real equations, that we can combine in the complex matrix 
equation : 

-NRe{2aMt [70] M + Ea N [Df,] [Va^]);. 
+i7VIm {2aM^ [70] [^] + Ea bo] [I^^] ["^M] 
= -N {{2aMt [70] m + Ea [70] [/^^] [Va^])*)f 



]* [70] p^] 



= iVEa M*[7o] 1^^ + 
-iV {2aM^ [70] M + Ea [70] m] [Va^])* 

- Ea (diToo ^ (^ (det 00 [^]* [70] m]) 
By conjugate transpose : 

= -2aMiA^ [70] m - Ea (diFoo (^ (det O') [DU* N [V']) 



+^Ea nG«]*ra*[7o]M + ra*[7o][^] Aa -h'oiraiVa^] 
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= -2aMiN [70] [^] - jdoT)^ (^^^ [^^1* [^o] [^1) 

tJgi [KaT [DV\ [70] [^] + X [D'iS [70] [V'] » - [70] [i^^] [V„V']) 

with = - , = - [70] [Ka] [70] 

= -2aMiiV [70] [z^] - Ea (diToo (^^^ [^mI* N [V']) 

Ea (^^a [70] [«:a] bo] [DV\* [lo] [^] + ^ [Dl,]* [7o] [^] [^a]* ^ + [7o] [0%,] [V„^] 

By left multiplication by [70] 

= -2aMiN [i^] - E„ (d^i. (A^ (det O') [70] [D'U N [V']) 

-^^E« (gs K] [70] [i^^]* [70] M + [70] [i^^]* [70] [^] K]* + [i^^] [v«^]) 

[70] [Di,r [70] 

= [70] (E. [71 + E„ V<^aniy [70] 

= (E. [70] [7I* [70] + E« V-anI) 

= (E. [7l + E. 

= [D^] with [70] [7T [70] = - M 
That is : 



(102) 

E.^lA^detO'lD^SllV']) 

= -Ndet O' f2aMi [V'] + Eaa [^^1 [VaV'l + [Ga\ [D'S[\ - [D%\ [^] U„ 



The scalar product for the state tensor, and consequently the moments, 
are unchanged by multiplication by a c-number z : |2;| = 1. But as one can see 
in the equation z must be constant, so we are not fully allowed to normalize 

4) One can expand the derivative. In this equation all variables, but N, are 
valued at a point m (/) . So: 

Eai.(^(deto') mm) 

= E„ ^ (iV (det O') (E. -aiO'^ [7I m + Ea V'^an 

= E.. '-^^^^^ [Y] mao E. ^^^^^^ M+iv (det 00 E„ m] ^ 

and the equation becomes : 

= -a. E„. ^^^^(^g^ [7I [^^l+a^ E. ^^^^f^^" (det O') E„ [^^S] ^ 

/a 
M 



+ (TV det O') 2aMt [^] + Ea Pm] [Va^] + [Ga] [D%] [^] - [D'^ 
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= -ai Ear '-^^^^^ m m+an E« '-^^^^^ [^]+2aMi (N det O') [^] 



+ (iVdetOO E„ ([^m] [V.^] + [Ga] m] m - [D 
Let us expand the last term : 



la] 



d^" 



A. 



+ [D 



/a] 
Mi 



dip 



d^° 



[D 



la] 
Mi 



dtp 





' dip ' 







A. 



+ [Ga] m] [V'] - m] m 



A. 



+ 



{[Du + m]) ^ +Ga{m][>^a] + [>^a]m])m 



d^° 



+K [Dtf] m [Oaf + is m] m 



+ (k m] + 



dip 
d^« 

dip 
d^" 



+ 



2 Ea y^^D [I^J +Ga {ai E. {[Y] K] - K] [Y]) + '^<^dV^ K]) [^] 

(«/ E. {K - ^ ) [Y] + Ea (ia + ^ ) ^) [V^] [^a]* 

= 2 Ec ^'^"z? [^] +Ga {ai E. ([7l M - N [tD + 2az.F" M) [V] 
+2 (^a/ E. (im A^) O," b'-] + E« (Re A^) /) [^] K]* 

= «/ E. (G? (bl [/^a] - [Ka] [Y]) VP] + 2^ (im A,") [Y] m 

dip^ 



+2aD Y^aV' 



The expanded equation reads: 

= -ai Ear '-^^^^^^ [Y] man Ea '-^^^^^ m+2aM^ {N det O') [^] 
+ (iVdetO') aj Er {G^r iiY] K] - K] [Y]) [^] + 2t (lmi») [Y] ^ [^a]*) 



+2aDE.^'^ ([^] + [Ga] [^] + (Re is) [V'] [^a]*) 
= 2aMi (iV det O') [^|^] - Ea '-^^^^^^^ [Y] [^]) 

+aiEri(NdetO') (g-{[Y] N - M [Y]) M + 2i (lmi») ^ [^|;] [9^]') 



+aD Ec 



dJV(det O') V" r , 
Y d$« 1.'^ 

It will be most useful latter. 



2(iVdetO0 V 



dip 



d^" 



+ [Ga] 



ReiS M [Oat 



4) One can compute the equation with respect to ipR, ipL 



146 



the result is the two matrix equations, which are not simple... 



With : [V^V'] = 





t- 


\ 

Aa 


t 



iduy E« ^ ii-anV-i^R + ai E. O^a^ (N det O')) 

- 2taMi'R+aD Ea f^aV'i? + Ea=l (^'a^' ' ^^^a) ^aV^R + 2V^R 



(103) 



ReAr 



+«/ Er Ea O^d^^L - ELi {G^' - iG^r) + ^G'«a„) + 2zV'L 



ImA, 



(104) 



Ea ^ ((«/ E. a^^^^'^.V'ii - azpl^^V'L) (A^ det O')) 

= «/ E. V"'^r [d^ll^R + ELi (^r (<^r+' + ^^^r ) ^r- - iC.Vj + 2iV^R 

+2iaMV'L+aD Ea f ^aV'L " ELi (C^' + ^G-^) + 2V'l Re in 



Im A 



Usually in this kind of equations the Dirac operator brings trouble. Indeed 
it exchanges the two subspaccs F"*", F~, so one cannot have ^/'^ = or ■0^ = 
without = 0. It does not happen here thanks to the introduction of V. 



15.4.2 Moments 



Prom these equation we can deduce new equations for the moments. We will 
use the expanded equation : 
= 2aMi (A^detO') [V'] 

+«/E.((A^detO0 (g«([71 K] - K] m) M +2i (lmA») [Y] ^ 



dN{detO')0^ 

+aD Ea ( '^^'^y^"^" m + 2 {N det O') ( [^] + [G^] [i^] + (Re i« ) [V'] 
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1) Taking the scalar product on the left with ip : 

= 2aMi (N det O') (V', V> - Ea '-^^^^^^ {A [Y] 

+aj (TV det C) (C" (V, ([tI K] - K] [tD + 2i (lmi«) (V', [7I M [^a]*>) 

+an2 {N det O') V^" ((^, [^] ) + M) + (Re A«) [^] [^a]*>) 

It comes: 

= (2aMi (iV det O') + an Ea ^^»^) (V^, V) 

Ea (2 (A^detO') V" ((^, ^) + GyPa + (Re As) ^p^)) 

+a.E.(^detO')E„(^ 



with : 

[^] [Oaf) = ipa 

2) We are left with : [7''] [«:„] [^]) - [7^] [^]) 

But : [^„] [7I m) ^ Tr m* [lo] K] [Y] [V']) 

Tr [70] K] [Y] m) = Tr ((M* [70] K] [Y] mT) 

- Tr m* [YY KY [70] m) = Tr ([^]* [70] [Y] [70] [70] K] [70] [70] [^]) 

= Tr m* [70] [71 K] m) = K] m) 
with [70] [7i* [70] = -[Y],Kr = - [70] [70] 



So (^,M [7I [^]) = (^, [7I W 

[71 [k.] m - (^j^gjTiMi 

= [71 K] [Y] K 

= 2^Im(^, [7^ [Ka]m=2li[J][Ka]\ 

with: Im(7A,[7lK]^) = ([J][«a]), 



and ■■ 



But : ^ (V^, V^) = V^) + = 2 Re (v^, ^) 



The equation reads: 
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= {2aMi {N det O') + an Ea '-^^^^^^) V) 

+aD Ea (2 (N dot O') T/" (i^ {ij, ^) + ^ Im ^) + G^zP, + (Rc A^) ) 
+2za,E. ((iVdetO')Ea (g.MW [^a]). - (imi^) K - rf) + Ea '"^^y^" -/.) 



3) Taking the real part : 

= Ea '-^^^^^^ ^) + {N det O') E^ V^^^r ^) 



^ — ((7VdetOO^"(V',^)) = (105) 

a ^ 

Remind the convention about the creation and annihiliation of particles 
: i/j (m) = means no particle . So (A^detO') can be seen roughly as 

a density of particles, this equation expresses a conservation law of the flow 
of moving particles. 



4) Taking the imaginary part : 

= 2aM {N det O') (V', ^)+2 {N det O') an Ea (im {^,^) + G^Pa + (Rb i^) p„) 

+2a, E. ((A^detO') E. (g^! ([J] [^.]). - (im A;!) M^) + E. '-^^^^Ip^Jr) 

= aM(^^,^) +az.E«V^"(lm(^,^) + Ea(GS^a + PaReAs)) + 

With E. (im ^)) = Im E« ^"1^) = Im |^) 



(106) 

= om (V', V') + Im (V, 1^) + an Eaa {^aPa + Pa Re A^) 

(E.. f^g^Jr + {[J] [Gr])r " E„ (imA?) Ml) 

As we have : 

Lm = aM V) + (- E.,. + ([J] [Gr]l - E„ (im A«) [/.^];) 

Ea (im ^) + E„ (CS^'a + Pa Re A«)) 

= Lm + a. (e„. IJJS^^. + {[J] [Gr])r - E„ (im A,") M^) 
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(- E.,. + ([J] [Gr\l - (inii") 

r\ - T \^ ( dN{ActO')0'^ J dJr \ 

= N (det O') Lm+sh E (^^t (10^) 

ar 

(det O') Lm can be seen roughly as a density of the energy of the par- 
ticles, and N (det O') 0"Jr as the "internal energy" , so this equation can be 
seen as a conservation of energy. Notice that there is no clear equivalent of 
rest mass (but for Jq ?). 



5) Remind the equation for the scalar curvature : 

R^-^ {2aM iiJ, ^) + lai Im D^ifj) + 2ao Ea V^W o)) 

It reads : 

aoR (det O') = -2NLm (det O') + \N (det O') aj Im {ijj, Dt/j) 
= 2a, Ear '^^('^-^ii')^""- + |7V (det O') aj Im (V', D^) 



acR (det O') = (^2 ^ dN {det OjO^Jr ^ 1 ^ ^^^^ 

(108) 

The scalar curvature is entirely linked to the kinematic part of the par- 
ticles : are involved neither the field (but they are involved in the covariant 
derivative) or the velocity. 



15.5 Trajectory 

The equation for the trajectory of particles reads : 
Va : an E/3 V^d^ (Im (V', V^V) det O') 

= LMda det O' + (det O') an Ea/3 {^^ {^aGf) Pa + V^pa (da Re i^) ) 

+ (det O') aj Y^fsr (-^ {daO^r) + E„ {d^G^r) {[J] [^a]l ' Ml Im 
Luda det O' is obtained through one previous equation : 
= TV (det O') Lm + a, Ea. '"^^'^g^^"'''^ 

So the equation links the derivative (9^ (Im (■?/', V^'?/') det O') to the mo- 
ments and the velocity V (the derivatives of V figures in the state equation) . 
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1) The equation ISBl reads : 

V« . U - [gv^ ) 



+2 E.,,,{ {da Re i^) 9, (^R%;) + {da Im A^) 9, ( 



dCp 



a Re ^- ^3^ 



Re 



+ 



Im 



+ Y.aP {^daG^p + 2 {{daGfj 8^ (a^^) + [<9aG/3, G^]")) 

_l_ ( dLp (det O') _ sr^ 



d_ I dLp{AetO') \ \ r, 



We have the derivatives (all derivatives in do not involve f) : 

= «c {OlOi - oioi) det O' 

- ap Re J'f^- = ap Im J^f' 



dL 



ddcO!y' 
dNLM 
dV°' 



if = -2 07 {ap Re (^^^ ^A7m) + «g E., -^S,, (O,^ OJ^ - O,- O^^j) 

dLf (dctO') _ dLf / 1 , I r d det O' 

do'^ ~ do'^ {aaiiy ) ^ j^F 
= -2 (det O') O] {aF E, Re (^^^ -^a,,) + E., ^S,, - O.^.O^^J 

L^Of (det O') 
with ^^(^ 



of (det O') 



do 



/3 



The equation reads : 
Va : = ^ (a^iV (det O') Im V,7/>)) 



+2«F Ea,/37{ Re A^) 9-, (Re Tf'' det O') + {da Im A^) 9^ (^Im det O') 



+ ReJ'^'^^Re 



detO' + ImJ-;^''^^ Im 



daAi^, Ay 



det O'} 



da A 13, Ay 

+2«G Ea/.,{5«G^5, ((0;^0,^„ - OlO^J det O') 

+ {OlOi - OlO^J det O' [daG,, G.n 
+ E.,{-2 (det O') E, 07 (a^ E, Re (-^f , J"^,,) + Ea, ^g.. (0,^.0,^. - O,^. 
+LfO^ {det 0')}daO'^ 

^{anN (detC) Im (V>,V„7/>)) 

LFda det 0'+2a^ Ea,/?^ Re {daA-^ {^f^ det O') + J"^^ 

+2ac Ea,,{5aG^5, {{OlOi - OlPi) det O') 
+ [OlOl - OlOl) det O' [daGp, G.f} 



Va : 

+ 



Pi 



da A 13, Ay 



detO' 
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-2 (det O') E.^,, O] (9„0a (ap Re [j^^/, J^a,,) + ac^^^ {O^.Pl - 0^01^) 



Let us compute the third term : 
2ap Re ( (d^A^, d, (j^f^ det 0']] + 



Using the identity in Tif/^ : 



daAj^, A^ 



daAfj, A^ 



, T^^ det O' 



, J-^^detO' 



^7? QaAfi^ 



, J-^^ det O' 



A^, J-^^detO' 



2aF E/37 (^(^-^^A;,, 5, det O' ) ) + 

= 20^.^/37^^ 



A^, J-^^detO' 



>a-^fii ^7 
-a, 

'7 \ 



, J-^^det O'j 



+ aj J-^'''^det O' 



= 2aF E;37 Ea 

with equation [HH on shell 

iV (ao^^Pa - [/^a]:) det O' 

= -2a^E7 



, T^^ det 0' 


+ 9^ (j-^'^^detO'] 




( 


A^,7^^ detO' 


+ 9^ (^J-^'^^detc) 


) 



daA'i 



So : 

2«F E/37 



A^, J-^^ detO' 



d^A^,d^ (J-^'^^detC) ) + 



\d^(j^f^ (detC))) 
daAfs, A^ 



, J-^^ det O' 



-N (det O') Ea/3 Re ^a^T//^^, - za, E. 0(? [pa]^ (^^^^ 
-iV (det O') Y.ap Re ((a^^V^a + E.. [d^A^) 
-N (det O') (a,, Ea/3 ^''Pa Re (s^A^) - a, E. Im (s^A^ 



The fourth term : 

2..,7 ^ + (0^0,^^ - OlOl) det O' G,]'^ 



a) We have seen (equation [87] ) that : 

E?=o^/3 {{OlOl - OlOl) detO') = {ErO'^c: + {OlD,^ - OlD,^)) (detO') 
So : 
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= T.apr id.Gf) {0?c: + {OlD,^ - O^^DJ) (detOO 

b) E.,, {OlOi - OlO^J [d^G,, G,r = E,,. {OlOi - OlO^J [d^G,, G,f 

= Ea,r o? - oi6;J G,f 

EAo;X-ois;J[-^^,G,t 

= Efe '^96 ["'^a) ^pJ ~ ^pt ri^a, CgJ 

We have seen (equation [HH ) that : 
lTcr = ELA{SlG;^-5;Gl) 

So : Zap, {OlOi - OlOlJ [d^G,,G,r = Ea,rO? [Tg]"" 

c) Ea,,{ ^7 ( {OlOi - OlOl) det O') 
+ (0,10,^^ - O^O^^J det O' [d^G,, G.n 

= 2«c (Ea,. (0,^< + [OiD,^ - O^D,:)) + O,^ [d^Gf) [Tar) detO' 

= (Ea,. O,^ « + 51D,^ - 6;D,^ + [TgD) det O' 

But from the equation [HTl 

[Tg]"'^ = -c^ + S;D,^ - SID,^ - ^ {aj ([J] + anV^Pa) 

2«G E.,, ( {daGI,) d, {{OlOi - OlO^J det O') + {010^ - O^O^^J det O' [d^G,, 

= -N Ea^r {dcG'^) (aj i[J] [Ka]),, + aoV^ Pa) det O' 
The last term : 

2 OJ {d^0$) [a. Re (j-^^ J-^,,) + acJ-g,, (O^^^O,^^ - O^^^O^j) (det O') 

From equation IHT] we have : 
Va, /3 : 

= a,iV Im (V^, 7"V;3^)+2ap Re ( J^, J-A^,)+2aG EaA - O^O^^J 

2 (a^ Re (JT, :Fap,) + E.a {0;PI - O^O^^j) 

= (5^L-a7iVIm(^,7"V;3V')) 
So : 

2 E.,,, 07 [d^O'i,) {ap Re (j-^^ J-^,,) + acJ-S,, (O.^^O,^^ - O,^ O^^j) (det O') 
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-T.ip.OJid^O'^) {{5^^L-ajNlm{i^,^N,i^))) (detC) 

= {d^ det O') L + aiN (det O') ^,^37 ^ZO;! (a„Of ) Im (V^, 7"^ V^V') 

= (a, det O') L + a,7V (det O') (^aO,^) Im (V', t'V^sV') 

5) The equation becomes : 

V« : ^ (az)iV (det O') Im V«^) ) = Nan det O' ( (S^G^) P„ + p„ (a„ Re A^) ) + 

+a7detO'7VE.{(5aG^) Of ([J] - O^, [^,A]l (^almi^) 

-07 {d^O'^) Im (V', t'^V^V') + NLuda det O'} 
That is: 

^(a^iV (det 0')Im(^,V«^)) 

= NLud^ det 0'+ {N det O') ( + Pa {d^ Re A^) ) + 

+N det O'a, (d.O^r (V', T^'V^^V') + Ea Of (a^G^ ([J] [^a]), - MI 9« Im i^)) 
We have seen that : 

(^,rv,^) = + EaG^ [^J), - M^ImA^ 

E;3. ((^cOf) Im(V',yV^V') + E„Of ([J] [^J), - [pA - I^lI: (^almi^))) 

= E^.{(9aOf) (-^ + E„G^ {[J] N). - [//i. - PiLYalmA^) 

+ EaO'r {{daGI,) {[J] - [/.^ " /Xl]! (^almi^))} 

= E,. ((-^ (5«of) + E. {daO?G^,) ([J] [^.]), - M:im (9„0fA^))) 

= E,. ((-^ (daO?) + Ea (5aO«) ([J] [Ka])r ' Mllui (^A") ) ) 

^(a^iV (det 0')Im(V',V«V')) 

= NLmO^ det 0'+ (TV det O') ao E„;3 '^'^ ( (^a^^) P„ + p„ (d^ Re A^) ) + 

+ (7VdetO0a,E;3. (("^ (5«0f ) + E„ ^0") ([J] - M^Im {d^A^))) 

6) The derivative reads: 

^{aD (dctOOiVIm (V',V„V)) 

= aoN-^ ((det O') Im (-0, V ai^)) as N is constant along ^° 

az.TV-l, ((det O') Im (V^, V^t^)) = a^N E^ (Im (V', V^V) det C) 

= aoTV E« (Im (V, V^V) det O') 
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so, assuming that N^^ we have the equation 



(109) 

Va : an Y.0 V^dp (Im V^^A) det O') 

= Luda det O' + (det O') an Eafi (^aC^) Pa + pa (d^ Re i^) ) 

+ (detOO a,E^. (-^ {daO^) + E„ (^.G?) ([J] N), - M^Im (a^;?)) 

16 CHOOSING A GAUGE 

We have, all together 16m+36 first degree partial differential equations for 
16m+36 variables. But the 16 tetrad coefficients O' are defined within a 
SO (3,1) matrix and so we could fix 10 parameters. Now we intend to use 
this gauge freedom, by choosing a chart and a tetrad. 

1) The most physical choice for the chart is just that we have built in the 
beginning : 

- the time vector n is taken as the basis vector, both for the tetrad and 
the chart. In this section {t^^ = {^'^ , , ^'^)) are the coordinates along n on 
one hand, and in a chart of S(t) on the other hand. So we have 



O^^S^,0'^^St, (110) 

|0f (e, t) = n%0 (e, t) = d,Of (e, t) = dtOf it t) 

- the vectors 9* are parallel transported along a gravitational geodesic : 

G^,r]ppdg = 0;G^,dp = 



Wa:G^o = (111) 

the world lines of the particles arc therefore such that — t ^ ^ — 5^ 
the function N does not depend on t 
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2) As we have seen the structure coefficients are key variables in the model 



There are 24 coefficients denoted cj^ = c^^^^ which are not independant. 
Indeed there are the Jacobi identities coming from the commutator rules : 

V (a, b, C) : [da, [dk, + [d,, [d,, da]] + [d,, [da, dh]] = 

^ V (a, 6, c) , = 0..3 : Eti (4c4 + C4 + ^fe^) = 
With the present assumptions : 

4, - Ea^ {o^AO', - O^^d^O^} = 0, cs, = Ea O'^dtO^, 
and we have 18 non null coefficients hnked by 12 identities (with d=l,2,3), 
so only 6 of them can be considered as independant. 

The Jacobi identities can be conveniently put on the matrix form: 




The divergence D of the tetrad takes here the following value : 

Di = (ci - 4) 
D, = {-cl + 4) 

Ds = (4 - 4) 

Do = - {ci + 4 + 4) 

The gravitational Noether current Yq is conserved, and it is directly re- 
lated to the structure coefficients. Thus it should be doable to take these 
coefficients as constant in a first approximation. 



3) Prom Gq = we deduce : 
-Kl + Kl-Kl = ci-4 + cl 
-Kl + Kl-K! = -4 + 4 + 4 
-Kl-Kl + Kl = 4-cl + 4 
Kl + Kl - Kl = -24 
Kl + Ks-Kf^-24 
Kl -K2 + Kl = -24 

In most of the problems where the coefficients structure are either as- 
sumed constants, or linked by some symmetry, it is convenient to keep K as 
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the variables, and the are given by the previous relations. The gravita- 
tional potential becomes : 

= 

Kl + c\-Kl-4-Kl-4 
2Kf + 2c\ + 2cl 
2Kf + 2c\ - 2cl 
-Kl - 2c\ + Kl + Kl 
-2Kl - 2c\ 
-2Kl - 2c\ 
r = 2 
2Kl + 2cl - 2cl 
-Kl-c\ + Kl + cl-Kl-cl 
2Kl + 24 + 2c\ 
-2Kl - 2c\ 
Kl-Kl-2cl + Kl 
-2KI - 24 
r = 3 
2Kl + 24 + 24 
+2KI + 24 - 24 
-Kl-c\-Kl-4 + Kl + 4 
-2Kl - 24 
-2Kl - 24 
Kl + Kl-Kl-24 



4) In the Special Relativity picture all the structure coefficient are null, 
but the connection G , depending on V and J, is not null. It can be seen as 
the stress-tensor of the system. But of course a lagrangian with the scalar 
curvature R is questionable in this picture, at the least. However the fields 
equations [91] are still fully valid. 
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Part V 

SYMMETRIES 

Symmetries are everywhere in physics, but the same word is used with many 
different meanings. They arouse some of the most difficult questions in 
physics, so they cannot be dealt with lightly. According to the relativity 
principle physical reality does not depend on the mathematics that we used, 
and the measures of two observers for the same system should be equivariant, 
meaning that they can be deduced from each other with only the knowledge 
of the mathematical rules to pass from one observer to the other. We have 
used abondantly this principle in this paper. If these measures are identi- 
cal we shall conclude that the system itself is special : there is a physical 
symmetry. In both cases the mathematics involved are similar, they rely on 
group theory, and physical symmetries are identified by a departure from the 
general rule of equivariance, which must be set up first. But their physical 
meaning is very different. Equivariance is a consistency requirement, assum- 
ing that the right mathematical structure has been picked up to describe a 
set of measures. A physical symmetry should be an experimental outcome, 
requiring changes in a pre-existent model by adding assumptions about the 
configuration of the system or the mechanisms that it tries to describe. 

It can happen that all observers get the same measures for a physical 
quantity : it can be a special case of equivariance, requiring that the quantity 
should be described by scalar functions (in differential geometry) • or that the 
configuration of the system is isotropic. But most often physical symmetries 
can be seen by a specific class of observers only and it is convenient to 
characterize the symmetry by this class. For instance a cylinder looks the 
same for the observers located in the same plane orthogonal to its axis, 
and one concludes that the body has a "cylindrical symmetry". This is 
convenient, and authorized by the usual duality active / passive measures, 
but to some extent only, as we will see later. 

Symmetries are often a specific characteristic of the system itself : there 
are not an issue, just a good mean to alleviate the computations. In theo- 
retical physics, and in the kind of model that is involved here, one looks for 
symmetries that occur in any system, whatever its initial configuration, pos- 
sibly for certain kinds of physical objets, as a way to classify these objects. 
They have been extensively studied in particles physics, where one discerns 
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3 "symmetry modes" (Guidry [7]), that we will address in several ways : 

- the "Wigner mode" : the lagrangian is symmetric and the vacuum is 
invariant 

- the "Goldstone mode" : there is a global symmetry for the lagrangian 
but the vacuum is not invariant 

- the "Higgs mode" : there is a local symmetry for the lagrangian, and 
the vacuum is not invariant 

The "vacuum" is essentially a quantum concept. In our picture one can 
see the vacuum as the value of the section ip : M ^ Em, without the map f, 
which defines the initial state of the system. This section has a life on its own, 
closely hnked to the physical objects involved. To say that the vacuum is 
symmetric is a strong assumption about the true nature of the particles and 
the fields. Notably the choice of the group to represent ip depends on how 
we see the particles. One has a "Wigner symmetry" if there is a subgroup 
H of Spin{3, 1) X U such that 2 states related by a gauge in H look 
identical. One has this kind of symmetry whenever one uses an hermitian 
scalar product : if ip' = zip with z a c-number of module 1 one gets the same 
value for the lagrangian. This symmetry is usually seen as a mathematical 
artefact that the physicists discard by a normalization of the state vectors. 

The change of orientation of space-time (CPT invariance) or of the sig- 
nature of the metric are related to the " Goldstone mode" . 

We will address also with more details the spatial and physical symme- 
tries, which are of particular importance. 

We will also give a general picture of the " symmetry breakdown" , which 
is a fundamental mechanism in particles physics to give a mass to the bosons. 



17 CPT INVARIANCE 

In the first section we noticed that, if the universe is orientable, a change of 
gauge that does not preserve the orientation cannot be acceptable. And it is 
easy to check in the model that the equations are significantly altered in a 
change of space (P) or time (T) orientation. But a global change of both the 
space and the time orientation could be acceptable, because it does keep the 
orientation of the 4 dimensional universe. Such a change is indeed a change 
of chart, that we have studied in the "covariance" section. It is easy to check 
that the equations are not altered, and it is just the consequence of their 
covariance. Notice that the Green function N keeps its sign (it is positive on 
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S(0)). 

But there is a significant change with the Noether currents : the moments 
J, P,p, n are scalar functions, invariant by a change of chart or gauge. And 
in the model they act by multiplication with vectors (usually dr or V") . So 
if the orientation of this vector is reversed, one should change the sign of 
J, P,p, A* to stay consistent. This operation, denoted as "C symmetry" (for 
"charge"), is not included in the "gauge transform" package, it must be dealt 
with separately. 

The usual interpretation is that the label (positive, negative,..) that we 
give to particles is purely conventional and linked with the choice made to 
name "direct" or "indirect" the geometric basis. The interesting point is that 
the gravitational charges are equally affected. 

18 SIGNATURE 

1) If the signature becomes (- + + + )-> (H ) : rj"' takes the new values 

^00 ^ ^i^^ ^ Q . ^rr ^ _i Yisive Seen that the Clifford algebras Cl(l,3) 
and Cl(3,l) are not isomorphic, but the representation (F, p) of C1(4,C) is 
not affected, so the 7 matrices and the split of F are unchanged. The change 
of the signature impacts only the quantities defined through the map T, that 
is : 

- the matrices : a < 4 : [k^] = — 

- the matrices [7^] : [7""]* = —irj'^'^ [Y]* 
The scalar product is unchanged. 

One goes from one signature to the other by : 
ip^ip' = Y.jk -iri"i}^''ej ®fk^ W] = -i Vl] [i^] 

2) In the choice of a lagrangian the key argument was the imaginary and 
real parts of Ylir ([V'*] IgY [^aV'])- With the other signature it becomes 

= T.rTr {i W M [70] {irin [Y] {-^ W [^aV^])) 
= E. ^^'■'■rr ([V^]* (M 70 M W) 

So we would be lead to take the opposite choice for the lagrangian. 

3) Therefore check the consequences of the choice of signature is not a 
simple thing... Intuitively all the equations which can be expressed with the 
moments should not be impacted, but for a change of definition for the 
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momenta. This leaves the equation of state which depends heavily of the 

coordinates. I will let this issue open. If ever this model was pertinent, this 
change would, perhaps, be a mean to test the physical significance of the 
signature. After all we have so far no sensible explanation for the imbalance 
between matter and anti-matter. 

19 SPATIAL SYMMETRIES 

Spatial symmetry is a subtle matter. We will first define what could be a 
spatial symmetry. In the general framework used to describe the state of 
particles we will characterize "symmetric states". It will be done without 
any model, even without the principle of least action. Eventually, with the 
simple model built previously we will try to bring some light to the results. 

19.1 Definition 

1) We will say that there is a spatial symmetry if the measures done by a 
class of observers, using different spatial gauges, are identical for any system, 
at least for some kinds of particles. Mathematically there is : 

- a set of state tensors, described as the product Fs (g) Ws, of two vector 
subspaces Ws C W ,Fs C F , 

- a subgroup S of of Spin(3,l), 

such that two observers (located a the same point as the particle) whose 
frames (dr) differ hy s & S get the same measures on the system whenever 
ip e Fs<^Ws 

2) Let us assume that there is a symmetry on the Wigner mode. So there 
is a group H and an action x : — >■ L{F (8) W; F W) such that the states 
■0 and 'ip — X (h) ip,\/h & H are imperceptible. 

The spatial symmetry is then fully defined by the condition : 

G Fs ® Ws,ys e S,yu eU,3heH : 
^{s,u)ip = H (h) ^ (1, u)^ e Fs® Ws, ^{S,U)ip^x (H) ip 

which implies 

Mil) e Fs ®Ws,\l {s,u) e S X U : -& (s, u)'il) e Fs®Ws 
because -i? (s', u') ?9 (s, u)ip = -d {s's, u'u) if) — x (h'h) {} (1, u'u) ip 
Therefore {Fs Ws, i}) is a hnear representation of SxU. 
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3) We will focus on the important case where H=U(1) : two states ip, ip' are 
imperceptible if there is a c-complex number such that ip' = zijj, \ z\ = 1. It 
happens whenever the lagrangian is defined from hermitian scalar products. 
So the condition reads : 

VV' e Fs<^Ws,ys e S,yu e U,3e e R :^{s,u)iIj = e'^^ {l,u)'ijj 

6 can depend on s, u and ■0. 

Notice that this definition, per se, is quite general, and does not involve 
the principle of least action. 

19.2 The space of spacially symmetric states 

1) Let be the m vectors of F such that : 
0i = E?=i ^*^ei soi} = Y."jl^ 0i ® fj 

^ {s. u)^ = [P ° [X {u)]i e, ® f, 

So a ip e Fs ^Ws -.^s e S,\/u e U : 

Er=i ^ {s, u) (0, ® /,) = Er=i e^'^^v.®/.- = Er=i ip ° («) <t>mx in) /,) 

Let u=l : Er=i (P ° T {s) ct>,) ® /, = ^7=1 (e^'^^V.) ® 

So for each j (0^, p o TI5) is a linear representation of S, of complex dimen- 
sion 1. Besides the scalar matrices the only subgroups S of Spin(3,l) which 
admit such a representation are the abelian groups generated by {^afa=i on 
one hand, ij^ afa=A other. 

In the standard representation of S0(3,l) the first is the subgroup of rota- 
tions with fixed axis of components (0, yi, ys) in an orthonormal basis with 
yf+y2+y3 = 1, generated by the matrices jo/i (exp r (yilti + 1/2 "^2 + y3~>^3)) ■ 

The second is the subgroup of space-time rotations of matrices 

J o p (exp T (-2i"^4 + 2:2 "/^5 + ZsI^q)) , with zf + Z2 + = 1. 

They correspond to the coordinate change between two observers moving 
at the spatial speed (2;ictanhT, 2;2ctanhT, 2;3ctanhT) . 

2) The action of these two subgroups can be described by p o T r'^^ a) 
where the components are fixed and the index a runs from 1 to 3 for the 
first and 4 to 6 for the second subgroup. 

So : 

Vr e R : ?9 (exp r ^ r""^„, lu) ip 

= Eus, [P ° ^ (exp ^ E r'^^a)]; e, ^ f, 

= E,- [P ° T (exp r E r"^a)] (0,) 
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^ (exp T E r"^a, 1g) ^ = J e'^(^V'^e^ = E,- e^'^'Vi 
^ : [p o T (exp r E ^""^a)! = e^^(^)0j 
By differenciating with respect to r in r = : 
{p o T)' (1) (E r"7^„) 0, = z^' (0) 0, = E„ ['^a] 0, = 0, 
So a necessary condition is that the vectors (f)j are eigen vectors of the 
matrices [^5] = E i'^a] with the same imaginary eigen value. Conversely 
(poT,F) is a representation of Spin(3,l), so (p'oT'(l),F) is a representa- 
tion of 0(3,1), and the matrices of the representation of Spin(3,l) in F are the 
exponential of the matrices of the representation of o(3,l), which are here the 
matrices [ks] ■ Thus : p oT (exp r E ^a"'^) — ^^P il'^s]) -If 4>j is eigen vector 
of [ks] with the eigen value iA, A e R it is an eigen vector of expr [ks] with 
eigen value expriA and this condition is also sufficient. 

3) The matrices [ built from the matrices 7, which are defined within 
conjugation and so their eigen values do not depend of the choice of the 7 ma- 
trices and we can take those defined previously. The eigen values are ±|i for 
the first subgroup and ±| for the second. Therefore the spatial rotations are 
the only possible case, and 9 (s) = — ±1. The [ks] matrices are normal, 
so diagonalizable and each of their eigen spaces (r) is 2 dimensional. 

The axis of the rotation is fixed by the eigen vector r (which is space like) 
and the direction of the rotation by e. 

4) Let (r) , (r)) be a basis of (r) .For each symmetric state ip there 
is some r such that: 

^ = Er=i ® A ' e (r) 

that we can write : (pj = ajUe (r) + bjVe (r) , {aj, bj) e C 
So the set of symmetric states is the subspace oi F ®W : 

ip^u^ (r) (g) (EJIi +^^6 (r) ® (E^i bjfj^ = u, {r)®ai+Ve {r)®(T2 
with some ai,a2 &W 

5) If e F, (r) : = 7+^ + 7_0 

Ea=i [^<^] M) = 7e ELi ^ = e|«7.0 with 7, [/tj = % 

thus 7+0 and 7_0 are still eigen vectors with the same eigen value, and 
Fe (r) spht between F+, F" and the states can be written : 

ip = (p+ ® a+ + (p_ ® a_ (112) 
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["0] = [0+] W+f + [0-] W-f with 7+0+ = 0+; 7_(/)_ = 0_ 



3 1 ^ 1 



(113) 



a=l 



a=l 



The tensors i/j are eigen vectors of the operator : {Yll,=i i'^a]) <H) (1[/) in 
the following meaning : 

(1g) (0- ® (7_) 

= (ELi K]) (0+) ® (1..) (^+) + (ELi N) (0-) ® (If/) (^-) 

= ie (0+) ® (It/) (fT+) + ie (0_) ® (![/) ((T_) = |ie^ 

Under a change of gauge these states tensors transform as usual. If the 
change is of the kind : {p oT (exp r J2 ^a"^) Au) we get: 
■0 = ■»? (p o T (exp r X] ^a"'^) ' If/) '0 = (^^P ^''"^l) "0 

6) With the 7 previously defined one can compute the matrices [«;„] . Let 
us fix the real scalars (ri, r2, r^) and compute the eigen vectors of the matrix 

We get the following with Ej=i i^j) — 1 • 
a) If rs 7^ 1 : 




e (-'^i + ir2) 
-1 + era 



eigen value : e^i : 



e(-ri + ir2) 
-1 + ers 





b) If rg = 1 : 
eigen value : |i : 0- 

eigen value : — |i : 1 



Conversely for any vector of F such as : 



ue 
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<pR — <l>L one can find (ri, r2, such that is an eigen vector of r" : 

ri = -2e(^^ cos (i/) ; r2 = 26^^^ sin (i/) ; rg = -^^^ 

The set of such vectors is the set of invariant vectors under —^717273 = 
ao] 
ao 0_ 
action o: 



It is a 2 dimensional subspace of F, but it is not invariant by the 



Spin(3,l). Indeed — i7i7273 = —ip and there are elements of 

Spin(3,l) which do not commute with £i£2£3 as it is not too difficult to see in 
C1(4,C). So if a state is symmetric for some frame, it is no longer symmetric 
for at least another frame : for these particles there are privileged frames, 
and so privileged directions in the universe. 

The spatially symmetric states are : V = 0+ '8) cr^ + 0- <8) uj, in matrix 
form: 



with [(f)] 



ue 



2x1 matrix, [an] , [ai] Ixm matrix 



7) It is easy to compute the moments with these states : 

[(j)]*[(l>]^U^ + V^ 

[(f)]* 0\ [0] = 2-uf cos {y) = — eri {u"^ + ?;^) 
[(f)]* (T2 [0] = —2uv sin (z/) = — er2 (m^ + v"^) 
[(f)]* CT3 [0] = u'^ —v"^ = — er3 {u^ + v"^) 

Elm*'^a[<f>]?=iu' + V'f 

All these quantities depend on 3 real scalars only. One cannot have 

* ao [(f)] = or r>0: [(f)]* [(f)] = 

With the formulas given previously the moments are the following : 

a) 

a < 4 : P„ = -era + v"") Im (^[a^]* [ctr]) 

a > 3 : P„ = era-3 {u^ + v^) Re ([(7^]* [^) 

b) __ 

Jo = -i {u' + v') ([an]' [an] + [aj) ; 

r>Q:Jr^\{u^ + v^) evr [[an]' R - ['^l]* M) 
J.^ = W + v'f [{[anfj^y + (kL]*^ 

c) {i),i))^-2{u' + v')lm([ar^f'[^) 

d) p» = 2(l.2 + ^2)Rg([^^] [^J*[a^]*) 



> 



[i^a]: = -^ {u' + v') {[an] [9^]' [an]*) + ([^l] [^a]* [^l]*) 
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The kinematic moments depend on 3 real scalars (for 0) and 2 real 
5 [o'l] [c'l]*) and 1 complex scalar ([ctl] [crI*) that is 7 degrees of 
freedom. The physical moments depend on 3 real scalars (for 0) and mx2 
reals scalars {[ur\ [6'a]* [ur\* , [6*0]* imaginary) and m complex num- 

bers {[an] K]* K]*) • 

The moments are gauge and chart invariant, so their value is the same 
for all the observers. 

19.3 Physical meaning 

1) Let us pause to think about the physical meaning of these results. Start- 
ing from general assumptions, we have proven that the only spatial symmetry, 
as defined, are rotations around a space like vector r, and that the state ten- 
sor is then an eigen vector of an operator (X]a=i ['^a\) ® (Ic/) • But of course 
this outcome could be some mathematical artefact without physical meaning 
and only experiments could tell if such symmetries exist. 

2) If particles have this kind of feature that means that for them some 
specific geometric directions are privileged, and we should expect that they 
behave accordingly. This is not an issue of quantization, but of the existence 
of something like an magnetic moment. And we know that it is the case for 
most of the elementary particles. 

Indeed the equation [HS] reads : 

And for a symmetric state the "magnetic moment" is the 4- vector 
l^ = Er dr = iu' + v') E„ (OoV2 - e (nOf + r20^ + r,0^) a^) 
with : 

a' = 2lm{[an] [aL]*) 

^cr' = {M [0af[^Rr)-{[aL] [a,]*) 

This equation is geometric : all the quantities are defined as vectors or 
tensors so, as written, it stands for any observer, it is fully gauge equivariant 
and covariant. The moments do not depend of the gauge, so the quantities 
^1,^2,^3 are not the components of a vector expressed in a frame : they are 
invariant (it is the consequence of the invariance of the scalar product). The 
magnetic moment is defined as the sum of vectors : 
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If one changes the tetrad the vectors (^9 change and jt changes ac- 
cordingly. This feature is common to all the moments that we have defined. 

3) So it seems that we have a paradox, or an inconsistency : the vector 
7/ plays clearly some specific role, it is a well defined vector, but it changes 
with the observer. 

Let us first clarify a point about the previous demonstration. We have 
characterized the set of observers Os , but all the reasoning above has been 
done from a frame belonging to Os , so if we could know the components 
of the vector r we do not know in which frame they are measured. Indeed 
our question was : "what are the symmetric states in a tetrad ?" and the 
answer is right, but it is true for any tetrad, and it is what we checked for 
the magnetic moment. 

So from the above equation it is probable that any observer can find 
tetrads in which the states are symmetric, and check that the direction of the 
4-vector is specific, but these directions change with the observer. That 
the symmetry is geometrically defined does not entail that some particles, 
and over more their kinematic mode, have a symmetry of a geometric nature 
(which is anyway difficult to apprehend for pointlike objects). 

4) Furthermore we do have a privileged orientation in our model : the 
velocity of the particles. As one can see in the equation above the net impact 
of the field depends of a sum of and 7^ a and, even if the real and imaginary 
parts of the fields act differently, the net impact should depend of the relative 
orientations of the two vectors. The spin of a particle is measured with 
respect to its velocity. It would be of interest to investigate the equations 
listed here for particles which have moments of the symmetric mode. 

20 PHYSICAL SYMMETRIES 

One of the main features of particles is that their "physical characteristics", 
modelled in the space vector W, are constant. So we are lead to study the 
symmetries occuring in relation with the group U. They come in two fiavours 
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- families of particles sharing the same constant physical characteristics, 
and corresponding to subgroups of U : they define elementary particles 

- specificities of the vacuum which force the states of the particles, as we 
see them, to belong to some representation of a subgroup of U. This is the 
symmetry breackdown mechanism 

20.1 Families of particles 

The simplest way to define families of particles is to proceed as above and 
look for symmetries related to the U group. 

1) Two states ilj, ip' are physically imperceptible if there are a vector sub- 
space Ws C W, and a closed subgroup Us C U such that : 

VV^ e W^5,Vs G Spin{3,l),yu e Us, 39 e M : ^ = e'^^ (s,!)^' 

9 can depend on s, u and ip. 

2) Let be the 4 vectors CTj of W such that : (7j = Yl^.i'^^^ fj so t/j — 

Y.t=l ® 

Soiiip e F ^Ws -.Vs e Spin{3, 1), Vm G Us : 

Eti (^^^ (e. ® ^i) = Eti e^'^-^e,m^ = Eti (P ° ^ (■^) (^^) 
Let s=l : Eti ^ (1, ie^ ® = Et=i e^ ® (X («) ^0 = Eti e. ® e^^(")a, 
^ VV^ G F (g) W^s, V^i G C/5 : X («) cTi = e'^(")(7i 

So for each i (dj, is a linear representation of Us , of complex dimen- 
sion 1. (C, x' (1)) is a linear 1-dimensional representation of the Lie algebra of 
Us- The only compact groups with non trivial 1 dimensional representations 
are abelian, so Us is an abelian subgroup of U. 

3) Any compact Lie group has abelian subgroups, which are tori. The 
maximal tori are p dimensional with p=rank of U, all conjugated to each 
others. One can always choose a basis in TiU such that the first p vectors 
9j belong to a maximal torus of the algebra. They are orthonormal in the 
hermitian. Ad invariant, scalar product on T^U . 

The irreducible representations {Wx, x\) of the compact group U are in- 
dexed on the highest weight A, The corresponding vector space Wx contains 
a vector ax which is an eigen- vector of x\ (u) for any element of a maximal 
torus Us'- 

WueUs: XX (u) ax = e'^^^^ax, A («) G M 
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The other vectors of Wx are generated as successive apphcations of some 
elements of G. So these vectors ax characterize distinct famihes of particles. 

Any representation of U is the sum of irreducible representations, so W 
has a collection of such vectors ux- 

4) For a particle belonging to a family one should expect that its tensor 
state ip is such that its physical components ax stays within Wx- But one 
cannot exclude more complicated states, involving more than one family of 
particles. 

So the whole story is about the definition of irreducible representations 
of compact groups, and finding, through experiments, the representations 
which are found in the real world. This is at the foundation of gauge theories 
of particles physics. 

21 SYMMETRY BREAKDOWN 

21.0.1 Principle 

1) The invariance of the lagrangian implies that the potentials A must 
factorize through the covariant derivative, or the curvature form for their 
derivatives. In quantum theory of fields a particle - a boson - must be asso- 
ciated to each field and therefore this boson must be massless, contradictory 
to the experiments. Symmetry breakdown is first a mechanism to turn over 
this issue, so far critical to the consistency of the standard model of particles. 

2) The "Higgs mechanism" can be summarized as follow (Bednyakov [2]). 
The Euler Lagrange equations give only necessary conditions, and it could 
happen that the solutions are not unique. This can be a mathematical arte- 
fact but, in many physical situations, a system can possibly follow several 
paths, and the actual choice depends on the initial conditions or an outside 
action. In these cases it is logical to reparametrize the model, generally by 
introducing discrepancy variables. In the Higgs mechanism it is the funda- 
mental state, corresponding to the vacuum, which is assumed to offer several 
paths (the vacuum state is degenerate). The most common explanation to 
this phenomenon is cosmological : the specificities of the present vacuum 
would come from the initial conditions of the "big bang". Some kinds of 
particles would have been privileged, and the situation hereafter would have 
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been frozen, as if a phase transition had occured. Thus to account for this 
specific initial vahics conditions, one proceeds to a change of variables, ev- 
idencing the discrepancy with the actual vacuum. The new variables take 
the form of fields (Goldstone bosons and Higgs field) which interact with the 
existing matter and fields and give a mass to some bosons. This correction to 
the gauge model is phenomenological : we see one privileged solution among 
others, and the basic theory cannot forecast which one the system takes, so 
additional variables are needed, that only experiments can fixed. 

3) In particle physics all this happens in the framework of quantum the- 
ory of fields, but the breakdown of symmetry is actually a fairly common 
phenomenon, met in classical situations, such as ferromagnetism or phase 
transition, and therefore it is in the scope of classical field theory. In the 
general picture used here: 

a) H is a subgroup of the group U of '' internal symmetries" (the kinematic 
part is not involved here). A member of U can be written as u — xh with 
X & X — U/H. The quotient space X acts as an intermediary level in the 
gauge group and there is a fiber bundle Xm over M modelled on U/H. 

b) The system is still modelled as previously but there is some "funda- 
mental state" of the universe, pre-existing to any system, and characterized 
by a section x (m) of the fiber bundle Xm, similar to the "Higgs field" . This 
field interacts with the force fields (other than gravitation) and therefore 
constrains their value and conversely this interaction fixes x. A transition 
phase has occurred. 

c) Therefore the gauge group is reduced in that the only visible gauge 
transformations are those in the equivalence class of x, that is of the form 
u = xh, with H as apparent gauge group : the action of U is "hidden" by 
the Higgs field. The states are still described in a fiber bundle associated 
to U, and the principle of least action still stands, but one has to account for 
the pre-existing Higgs field x 

So, this is not simple. ..I found it better to proceed step by step, and 
use long but basic mathematical developments than to race through highly 
specialized short-cuts. We have to address successively the additional math- 
ematical structures for U, the fiber bundle Um, the connection A , and the 
fiber bundle of fields. 
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21.0.2 The fiber bundle U 



The basic rule is that any element in U can be written as : u — K{x,h) 
where x e U/H, he H 

1) H is assumed to be a closed non discret subgroup of U, it is therefore a 
compact Lie group. The quotient space X=U/H (called homogeneous space) 
is defined by the equivalence relation : 

X'^yeU<^3heH: x^yh<^ y~'^x e H 

2) Under this assumption U is a principal fiber bundle over U/H of group 
H (Kolar [ ] 10.5) which implies : 

a) U/H is a smooth metrisable manifold 

b) There is a projection tth ■ U U/H such that Vs ~ s' e C/ -.yuEU : 
TTnius) — TTnius') and therefore : 

h e H : TTnih) ^tth (1[/) = ttr {^h) 

TTH is onto : V^^ e T^U/H, 3?" G TiU : tt'h (x) 't = 

c) There is an open cover (Ui) of U and trivializations : 

Aj : ttJj^ (Ui) X H ^ U :: Ai (x, h) & U with the usual right action of H 
on U :Aj {x, h) x h' ^ Aj {x, hh') 

The trivializations are defined by the values Aj 1) 

d) The fundamental vectors A;(a;, /i)i?; (1) e TiH are the genera- 
tors of the vertical space isomorphic to TiH and: 

7r;,(A, ix,h))A[,^ix,h)R',^il)e = 

TTH {K {X, h))=X^ Ti'h (A, (X, h)) K,{X, h)e = e 

e) There is a left action of U on U/H which is denoted A {u, x) : 
tth (s) — X : X {u, x) — tth (us) ^ A {u, tth (s)) — tth (us) 

2) In the standard model U is the direct product of the compact groups 
U = SU{3) X SU{2) X U (1) and H is the projection of U on SU(2)xU(l) or 
U(l). Without being too specific but with the purpose to be simple we will 
assume the following: 

a) TiU = /^o © ^0 with h^ ar dimensional sub-algebra and Iq a m-r vector 
subspace. The basis of TiU is comprised of r vectors 9 a & ho (a=l..r) and 
m-r vectors 6 a ^ lo (a=r+l...m) 

b) hQ is the Lie algebra of the compact subgroup H, which is generated 

by exp (j2l=i ^ a) 
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c) The map : H x Iq ^ U :: u = expZ x h is a diffcomorpliism. One 
can identify x with A{x,l) ,X=U/H with a subset of \J : X = U/H = 
{exp/,/G/o} and A{x,h) = A(exp/,/i) = (exp/)/i . The fiber bundle 
U {X, H, tih) is triviaL 

d) The bracket on TiG is such as : [ho, ho] C ho, [lo, lo] C ho, [ho, lo] C 

e) There is a bihnear symmetric scalar form on TiU, invariant by the 
adjoint operator, for which the subspaces Hq, Iq are oorthogonal, and positive 
definite on TiH. 

These conditions are met if U and H are linked in a Cartan decomposition 
(Knapp [ ] 6.31). All semi-simple Lie groups have such decompositions. The 
conditions d) and e) will not be used in the following but are part of the 
definition of a Cartan decomposition. 

Remark : property c is usually written as: u — hexpl. Both formulations 
are equivalent. 
Proof. Indeed : ■ 

Adh (ho) C ho because ho is the Lie algebra of H, ho is Adh invariant, so 
is its orthogonal complement Iq. 

Thus: Wh e H,l e /q, 3/' G k : Adhl = I' =^ expAdhl = h{expl)h~^ = 
exp /' =^ exp (— r) exp /' exp r = exp / 

u — exp r exp / = exp r exp (— r) exp /' exp r = exp /' exp rM 

21.0.3 Principal fiber bundles on M 

The splitting U/H, H is prolonged in the principal fiber bundles on M. The 
principal fiber bundle Um — > M spht in : Xm — >■ M corresponding to U/H 
and Um — ^ Xm corresponding to H. The splitting is attributable to the Higgs 
field, materialized by a section x on Xm- 

1) We still have the same principal fiber bundle Um base M, group U, with 
the projection tt : Um — > M , and the trivializations on an open cover: 
V^Ui '■ Ti""^ {Umi) X [/ — >■ Um P — (fiui ("^) u) and we denote pi = (fui {m, l),so 

P = UiPi = PiUi 

As a manifold Um has charts deduced from (pui (m, A {x, h)) = p and one 
can construct additional structures. 

2) The associated fiber bundle Xm — Um Xu X with typical fiber X=U/H 

associated with Um through the U action : 

{Um X X) X G ^ {Um X X) :: {p, x) X u ^ ipu~^, A {u, x)) 
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Xm is a U- fiber bundle (but not a principal fiber bundle), with base M, 
trivializations: 

TT^^ (UMi) X U/H ^ Xm ■■ ^xi = ipui (m, A (x, 1)) 

and U left action : u x tpxi {'m, x) = (fxi {m, A {u, x)) 

With a Cartan decomposition Xm can be seen as a sub-bundle, embedded 
in Um ■■ fui (m,expZ) 

A section on Xm is a map : x (^) = Vxi (^i >i ("^)) = y^Ui (^i ^ ("^) 5 1)) 
.The Higgs fields are such sections :they fix the state of the vacuum, which is 
characterized by an equivalence class of U/H. With the Cartan decomposition 
■ X (^) = ^Ui {''TT', exp / (m)) where I : M ^ Iq 

3) Um is endowed with the principal fiber bundle structure Um with base 

Xm , group H and : 

projection : tt {^Lpiu (m, u)) = ipix {m, tth (u)) 
open cover : Xmi = Umi^ Xm 

trivializations : (fui '■ ^mi x if — >■ Um ^ui {q, h) = qh 
<^ ^ui {fm {m, A {x, 1)) , h) = ipui {m, A {x, h)) 
H action : h x p — h x (pm {q, h') = ipm (tt (p) , A.{x, hh')) 
A section on Um is : s = ipu {q, hg {q)) 

' — ' H JJ 

One has a 2-levels composite fiber bundle : Um = Um ^ Xm M 

4) The composition of a section x on Xm and a section s on Um is a section 
S on Um- Conversely a section s on Um has for image s{Xm) a sub-manifold 
embedded in Um- Any section S in Um is the composite of x (m) = tt (5" (m)) 
on Xm and a section s on [/m : M A Xm A C/m : S (m) = s o x(m). 
Remember that the physical characteristics a are sections of Um- They are 
now defined in two steps : the first with x, the second with H. 

A local gauge transformation is given either by a section on C/m or by the 
composite: 

S (m) = s o X (m) = (fu ("^) j ("^)) ; (S' (m)) = x (m) 
With Cartan decomposition : 5" (m) = (^[/ (m, exp i (m) exp r (m)) 

5) There is a bijection between the principal bundle structures Hm with 
base M and group H on one hand, and the global sections x (m) on Xm 
(Kolar [14] 10.13) : x — cpx {m,x{m)). The trivialization is : </7i^ (m, /i) = 
(fiu{>c{m),h) = ipu {m, A{x (m) , h)) . With Cartan decomposition : x = 
(fia (m, exp I (m)) ipn ^) = ip^i exp / (m) x /i) . 



173 



Such Hm fiber bundles are not necessarily isomorphic. So its definition 
requires both Um and x- 



21.0.4 The induced connections 

A connection is a projection from the tangent space on the vertical space. 
The tangent space of Um splits and a connection A induces a connection on 
Xm, but it induces a connection on Hm iff Vx = 0. Let us first define the 
tangent spaces. 

1) 

a) The tangent space of t/ U/H can be defined through the trivial- 
ization : 

(e, e) enxxnn^ = a' {x, k) (e, e) e t^u, 

L'^h-A.'^ {x,h)^R'f^x 

X=U/H can be identified with a subset of U, so the tangent space T^U 
splits : 

TuU = {L'^TiU} = {R'^TiU} Notice that the map works on right and 
left, we will need both 

I" = {KxUKl) 7^+ (LU) (L',1) = R'j7^ + L'^lt^ 

The vectors {L'J) 't^, 't^ e Iq are the generators of the vertical space : 

and we have A {u, x) = tih (ux) =^ 

K (u, x) e + K (u, e = tt'h (ux) {r'.uc + ^ue) 

K = ^'h (u^) 

K x) = n'jj (ux) L'^x 

b) The tangent space TpUM can be defined by : 
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The vertical space splits : ^p\jj^ (m, u) ^ = ^p\^^ (m, u) R'^lt^+ip^^u u) L 
and we have the basis : _^ 
a=l,..r : Sa (p) = f'iUu i^, L'J 9 a ^ 
a=r+l,...m: Sa (p) = (p'iu^ (m, u) R'^l 9 „ 

c) The tangent space TgXu can be defined by : 
q = (pix (m, x) = (piu (m, A {x, 1)) 

= ^',x (m, x) (r , e) = v'ic/^ (m, A (x, 1)) r + ^^^t/^ (m, u) m^it^ ^ 

the vertical space isomorphic to T^X is generated by : (m, u) 9^ 

d) The tangent space TqllM can be defined by : 
q = '?iu i^iu {m, A {x, 1)) , h) = ifiu (m, A (x, h)) 

^ = (rn, A (x, 1)) r+v'^t/^ (m, A (x, 1)) (a; (x, /i) e + a; {x, h) e) 

= if'u^ (m, A (x, 1)) r + v'uu {m, A (x, 1)) R'^xi^-V ip'^^ (m, A (x, 1)) L^/i^'^ 
= (m, A (x, 1)) A {x, 1)) ^ '+^'uu {m, A (x, 1)) L^.l ^ 

So it can be identified with Tf^(^x,h)UM but the vertical space is generated 

here by ^'^^ (m, A (x, 1)) L^^l'?^ 



e) The tangent space TgHM with the section x ^ AqX^ can be defined 
by: 

q^ifH {m, h) = (pm {m, A{x (m) , h)) 
U = ^'y^ (m,A(x(m),/i))r 

+<^[;„ (m, A(x (m) , /i)) (A^(x (m) , h)^ (m) r + A^x M , /i)^'^) 
- (V9[;„, (m, A(x (m) , /i)) + ^'^^ (m, A(x (m) , h)) {R'^x) x' (m)) ^ 

+ip'^^ {m,k{H{m),h)){L'^^^^h) e 

v'hk h) e = V'uu (m, A(x (m) , /.)) ^ 

The vertical space is generated by: 

^'h, (m, /.) e = ^'uu A(x (m) , /i)) (l^^^^^.i) ^'^ 



2) 
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a) We assume as above that there is a principal connection A on Um 
with one-form A (p) — (p) dx"'® 6 a and potential ^4 (m) = A ((pu ("t., ![/)) . 

A {(fa (m, u)) — Adu-iA (m) 

ip*uA ip) (r , e) = v'uuim, u) (e + k (i) ^ ("^) r) 

It splits along the two subspaces Hq^Iq: 

A (m) 

= E« ELl irn) dx'^ ®ta + Ea Er=.+1 (^) ® 
= A;, + A; 

b) A induces the linear (not equivariant) connection F on the associ- 
ated fiber bundle Xm '■ 

^*x^ (q) (r , e) = ^'uu (m, A (x, 1)) (r + a:,(i, x)a (m) r) 

With K{l,x) = ti'h (x) R'^leL {TiU; T^X) 
A;(l,a;)A(m)r 

(Ki)(E.Er=iA^r'") 

that is : r (g) = ^^=^+1 K (^) ® dx" 

The covariant derivative of a section x = (^j (^)) is : 

V^x = x*r (g) = (m, A (a;, 1)) + A;(1, o; (m))A (m)) 

c) A connection Fj:/ on Hm is a projection on the vertical space isomor- 
phic to ThH : 

q = ipH (m, h) = ifu (m, A{x (m) , h)) 

^h'i^H (q) (r , e) = VHh {m, h) {e + (g) r) , (q) e A (T„,M; T,i7) 
It is principal iff : Th {^Ph {m, h)) = Adh-iTn {pn {rn, 1)) = Adh-iTn {(fu {m, x (m))) 
that is (q) = p'h^ (m, h) + (x) C™) 

A connection A induces a principal connection on Hm iff V^x = 
Proof. : ■ 

X (m) = A (x (m) , 1) , m = A (x (m) ,h),p — (fm (m, li) 
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= iv'um {m, u) + ^'^^ (m, u) x' (m)) ^ + V^'t/^ (m, u) e 

e TpUu SO one can compute : 

(Ki) A (m) r = ^ {m) r 

=^ 3"^\ : {R'J) A (m) = R'j't^ + L'^l"^^ 

TT^ (x) (R'J) A (m) r = ^'n (^) ^U^' + ^r^, (x) L'^l'?'^ = 
but Ajj (1, x) = TT^ (x) so one can write: 

R'jd^ = a; (1, x) i (m) r ^ ^u^' = (^xi) ^ (^) r-K (i' ^) ^ (^) ^"^ 
= (l;^_,x) - a; (1, x)) A (m) r 

^ is a linear function of which does not depend on h (but on x). 
Let us define : 

{cpH (m, 1)) : T^M ^ nH :: (x (m)) = (L'^.^x) - A^ (1, x)) A (m) 

«1) A (m) r = (Kl) A (m) r = {R'h>^) {K (h ^) ^ (m) + (x)) f 

and going back to : 

= (^'^Jm, I.) ((i?;x) x'r + {L'^h) e + (a:, (1, x) A (m) + (x)) r) 

= ^'u^{m, u) [{R'^x) (x' + a; (1, x) A (m)) r ) 
+^'^Jm, ((L'» + {R'^k) r^, (x) r) 

<^'^„ (m, x) (x' + A:,(1, X (m))A (m)) r = (V^x) r 

((L'» e + (x) r) = (^'» (e'^ + r'h{^)Th (x) r) 

with : R'^ (x) = i?',, (1) R'^., (x) = L',, (1) Ad^^^^.R'^., (x) 

= (1) (x) = L;, (1) L'^_,{h)R'^{l)L'^_,{x)K{l)R'^., (x) 

= L',(/.)K(lR-.(x) 

v.[;„(m, u) {L'^h) {e + K(i)rH (x) = h) {e + i?ui)r^^ (x) r) 
^ (v^x) r + (m, h) {e + it:ui)rf. (x) r) 

If (V^x) = then we have the principal connection 

This condition is also necessary (Giachetta [5] 5.10.5).B 
The potential of Th is : 

(X (m)) = (L'^_,x) - a; (l, x)) A (m) 
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= Ad^-.A (m) - (L'^_,x) R'J (e„ E7=r+i a ® dx<^) 
Th (x (m)) = Ad^-. ELi ^a^a ® dx^) 

3) The condition V^x = reads : 
£ + A;(l,x(m))i(m) = 

With X (m) = exp I (m) the first step to solve the problem is to find a 
map I : M ^ Iq such that : 

(I exp i = -i^^Ml (E„ E:=.+i ^S'^a ® rf^") 
Using the derivative of exp (Duistermaat [4] 1.5): 

(lexpO £ = (i?;(^)i) (/^™^'(-)dc) £ 

So the map l(m) is solution of the equation : 



/ e™'^'("^)(ir ) = - y] ^a"^a ® dx'^ (114) 
•^0 J dm ^ ^^^^^ 

The map ^ — )■ e^"''^'^ dr is invcrsible if ad( 9 ) is inversible. It is in- 
versible and analytic in a neighbourood of and its inverse is : 

Efe^o 1^ {^d ^ where are the BernouiUi numbers, 
/o e^-'^'rfr = Er=o lo h^' i<^dl {m)f dr = T,Zo (/o ^'^^ M i<^dl {m)f = 
E^i F {(^dl {m)f~'^ 

[jl e-<^'Mdr) = Er^o ^iil («^^ (^))' - ^ (Er^i iri (a^^ {m)f) 
Thus : (Er=i hi (<^dl (m))') = - E:1.+, A^t^ 

21.0.5 The Higgs mechanism 

1) As previously the physical characteristics of particles are modelled in a 
representation (W, x) of U and the associated vector bundle Wu = Um 
. The restriction (W, x) to H is a representation of H. With a global section x 
on Xm one has a principal fiber bundle Hm and the associated vector bundle 
Wh — Hm XffW which is the restriction of Wu to H. 
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2) The forces fields are principal connections (G,A) on Qm- A induces a 
connection V on Xm and a principal connection Th on Hm iff V^x = 0. 



3) The lagrangians are the same. 



4) We add the variable x (^) = ^ (^)) to characterize the vacuum. 
X (to) is valued in X=U/H and with Cartan decomposition x(to) = exp l{m) 
where I : M ^ Iq ■ The fields act on x through the covariant derivative 

5) The principle of least action works in two steps : 

- at the Xm level (the vacuum) : the force fields (other than gravitation) 
interact with the Higgs field and fix a section x such that V^x = 0. This 
fixes the components a=r+l to m of A by : YlT=r+i a — (^) 

- at the Hm level (the system) : x being fixed the gauge group is reduced, 
the fields act with the particles through Th- The Lagrange equations fix the 
r first components of A. 

This is equivalent to change the variables, and replace ^y ^ 

\ / a=r+X 

in the lagrangian. Thus one introduces m-r "bosons" which, besides the 
fermions in the Noether currents can get a mass. 



6) In the standard model the Higgs mechanism is more complicated, but 
the scheme presented above shows the key ingredient of symmetry breakdown 
: a structure of the vacuum more complex than expected. 



7) This mechanism has been brought up for gravitation : the S0(3,l) struc- 
ture would come from a more general GL(4) structure (Sardanaschvily [23]) 
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Part VI 

APPLICATIONS 



22 GENERAL RELATIVITY 

1) The well known Einstein equation can be deduced by the principle of 
least action from a very general lagrangian. Let be : 

L = {g,z\ 4) + ao (Ea^ 5"^^^c„/3 + a) ) Vldet^l 
The key points are : 

a) the metric g is in L2 but not its derivatives, the other variables are 
not involved here 

b) the gravitation / gravitation interaction is modelled by the Palatini 
action (the cosmological constant A is not significant here). We have seen 
that in a gravitational field theory based on the metric and the Levy-Civita 
connection this choice is quite mandatory. 

The functional derivative with respect to (7"^ gives : 

= + {g'^^R^c^f^ + A)) v^d^ 
+ (L2 + ac [g'^^R^a + A)) ^Vldet^l 

^vW^ = w^i- \g-^y^''' 

= i(-dct(?-^)-'/'^(dct(?-i) 

= i (- det g'^y'^^'^ gpa det g~^ = -^gpa\/det \g\ 
(notice that the indexes are reversed) 

SS _ f f dL2 



acRiCap^ - \gjia {L2 + aa {g'^'^Rap + A)) j V]det^ 



And we get the equation : 

+ acRiCap^ = \gap {L2 + ac {g^f^Rxi, + A)) 
aa [Rap — \gai3 {g^'^Rxfj. + A)) = —-§^ + \ga0L2 

Or with : 5*2 = L2 ^J\dei g\wQ 

JP^ = (^-§^ ~ \9ai3L'^ ^J\dcig\ 
we have the Einstein equation : 



1 \ 6 S 

Ricap - 7;9ap (R + A)^ y==—^ (115) 

^ aG\/\detg\ og ^ 
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The quantity T^b — / 1% is the "stress energy" tensor. It de- 

aG^J\detg\ 

pends on the system and its specification is based on phenomenological as- 
sumptions about the distribution of matter and its velocity, and the other 
fields. It should be a symmetric 2-covariant tensor. The Einstein equation 
implies V^T^^ = 0. Then particles usually follow geodesies (Wald [29] p73). 
This equation is local and in the vacuum T^p — 0. 

2) Our model does not use the Levy-Civita tensor and g is not a variable, 

but is actually present, and the gravitational fields interaction is the same. 
So one can compute the stress energy tensor. However some adjustments are 
necessary : 

a) replace g where it is actually used, meaning in the Dirac operator and 
the scalar product (J-a, J^a) : 

Di' = E.., (V„t//^') Efii a'^^O' im% {p o T {e{) (e,)) (m) ® /, (m) 

= E«., {^.r) Zpi g'-'O' {m% {^ hoir + ELi M) ep (m) ® /, (m) 

We keep : 7° = —ijo] r = 1, 2, 3 : 7'' = 7^ 

Di^ = E«., (V„^^^) ELo V^' [Yr^ e, (m) ® /, (m) 

ap {J^A, J'a) = Ea Ea/5AM d'^V^KaP^X, 

b) In the model g is computed from O and automatically symmetric. 
Rather than using a constraint it is simpler to take and gjsa as distincts 
variables and replace (7^^ with i (ga^ + (^^q.) 

c) The Ricci tensor is symmetric only if g is symmetric, so one takes : 

R = \ E.,, [9'-' + ^/^") ([^Ga.];. o| + [:fg,,]] o'i) o] 

d) With these adjusments the lagrangian becomes : 

Cm = NaM V^) + Na^ Im ( V, \ Ea^. (^^'^ + ^''^) C'^''^'''' [tI [VaV^] ) 

+NaD Ea (V', V^'VaV^) v^di^ 

Cf = {|a^ Ea Ea,.. {9'" + 9"') {9'' + 9'") Kx.J'Le 

Ea,..-. {9'' + 9'') {[J'gx,]] 0% + \7gA] O'i) 0J}^^\ 
and L2 = Lm + \ap Y.a Ea,.. (^'" + 9"'^) ^9^' + ^''^) ^a,-^1.. 

3) The functional derivatives read : 
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aL2y/\detg\ 



- — — - - kapaL-^ ^J\deig\ 

8S2 _ aL2^/\detg\ _ ( dL2 1 j \ /|J„^ „| 

- - ~ 23ocpJ^2 j V l^^et 5-1 

§k = Nai\ E,,r {^x^^ + ^^^f ) O'X' Im (V^, [7^] [VaV^]) 

§k = Naj'^ Er r {O'^' Im [7I [V.^]) + O'^ Im [Y] [Vpij]}) 

+bF Eax, {Kaxn,, + K^x^J [g'" + g''') 

and 

^ = Naj'^Zr r- Im (V^, [Y] [V^^]) + Im (V^, [7I [V„^])) 



S2 is symmetric with respect to ga/s, gpa so gap = gpa 

= Nai'^ V'"" Im [7I [V;,V^]) + O^]- Im (V^, [7I [V.V^])) 

Tap = \gap [-^L - R) -N^\ E. {01 Im (V^, [Y] [Vpi,]) + O^'^ Im (V^, [7^ [V«^])) 

-|ff EaAM ((-^A/^A, ^Aa^) + (-^AaA, g^^ 

The tensor is symmetric with respect to a, /3 

With O: = gaW'Ol O'l = gp.v^'^O'' 

Zr ri" [pi Im (V^, {Y\ [V^^]) + O;,'- Im [7I [V.V^])) 

= E.,-, {jf'go.^rf'^Ol Im [7^ [V^^]) + n'-'gp^Y'^Ol Im (t^, [7^ [V„^])) 

= E-,, 01 [ga, Im (V^, [75] [V^^]) + gp, Im (V^, [7^] [V„V^])) 

g^^ {{J^ApX, J^Aafj.) + (-^AqA, J^A/Bfj)) = '^g^^ Re (vF4a/i, ^Apx) 
Tap = \gap (y^L - - ^ Ea/. g^^ ( J'AaA, J^Ap^,) 

-\l^y E,, (^/a7 Im b''] [V;3^]) + gp, Im [7-^] [V.^])) 

With equation [971 
Va, /3 : = Nai Im (V-, 7"V/3^) + 2a^ Ea Re ( J^a/ja, ^5^) 
+2aG EaA ^G/3A (O," - 0-p\:) 
which is equivalent to : 

Vg, /3 : LOf = iVa, Im 7^^^) + 2ap Zx, O'^ Re (j-^^j^, J'^'^ 
+2aGE.A-^a/3A(5lO,\-5^„0,'J 
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Naj Im (V', T^V^V') = LO'I - 2a^ Ea^ Re [Fa^^, F\^) 
So : 

E^, {9a, Im (V', [7^] [V^^]) + g^^ Im (V', [7<^] [V,^])) 

-2aGE„A-^S/3A - <^p^„OjJ} 

+ E,, Olgp,{LO'S - 2a^ Ea. O'^ Re ( J"^.,, J-i'^) 

= 2Lgr„/3 - 2aF Eam (docx Re (^Jk/S^, •^a'') + 9px Re (^Aa^, •^a'')) 

-2aG EaA. (^".^S/3A + ^/3.-Fa„A) {OlO^ - O^Ol) 
And the stress energy tensor reads: 

Tap = \90cP (j^L -R^-^ Eam 9^'^ Re (-^^AaA, ^A^;.) 

- \i^{1Lg^p - 2aF E a^ (^?aA Rc •^1'') + ^/3A Re (-F^a;,, -Fj'') ) 

-2aG E„A. {9a,^Gpx + ^/3.-^g.a) (0^0^ - OlOl) } 

T'a/J = -^9a0—L 

+ % Eam Re (^?«A ^^'^j + ^7/3A (j^Aa^, J'^^) ' 9^^ (J^AaX: -F^/?^)) 

+ EaA, (^a,^a/3A + i^/^M^G^A + b^pJ^GX,) (0,^„0,\ - 0,^^0,^J 

With R^- E„,„, -^Sa. (0^0,-^ - O^O^J 

23 ELECTROMAGNETISM 

1) The group U is here U{1) — {z — ex.pi9,9 e M},an abehan group (so 
the bracket is null) with algebra: 

TiU{l) =iR^~i-^ = i. 

The complexified TiU{lY = C and the group = C 

The only irreducible representations are 1 complex dimensional : 

W = {at, e C} , X (expi^) 7 = e''7 

The state tensor is the sum of 2 right and left components : i/j — i/jR + i/^L- 
li each of these components is decomposable : ip = (j) R(y r + (j) l'^ l where (j)R, 0^ 
are 2 complex dimensional vectors and (Tr, ul complex scalar functions. 



183 



2) The moments are : 
a) 

a>3:Pa = -Re [a^.g] (c^l^)) 

c) {^,^P) = -21m{{[<Pnr[<pL]){(TL^)) 

d) p = -2Im(([0|j] [0^]) {cxlW]^)) = (^,^) 

e) [/Xij - PlY = V'[{m CTr lanf - ([01] a, [0^]) \ctl\' = -2 J. 

3) The potential A is a 1-form over M valued in the complexified, so 

The curvature 2-form J'a = dA = J2{ai3} (paAp — dpAa^ dx"" A dx'^ and 
we have the first Maxwell equation : dJ-'^ = 0. 
The equation inn reads: 

Va, a : -N [aoVp + 2iaj 0° J,) det O' = 2a^ (j-^^ (det O')) 

Taking the real and imaginary parts : 

Va, a : -a^^A^ (V^"p) det O' = 2a^ d/^ (Re :Ff^ (det O')) 

Va, a : -a/A^ 0° J, det O' = a^ (^Im J-^^ (det O')) 

The 2nd Maxwell equation, without spin, is usually written in the General 
Relativity picture : 

^^^Apa = -fJ'oJa ^ poJ'^V^detg = Y,f3 9/3 (-^A^^V-det 
with the 4- vector current density Ja, which is for a particle pY^u'^da with 
the velocity measured with respect to the proper time of the particle. So we 
are lead to identify the real part of the field with the "usual" electromagnetic 
field, p with the electromagnetic charge and the constants are such that : 
A^o - 2^- 

Here the electromagnetic field has a real and an imaginary part, the latter 
acting on the magnetic moment which is parallel to the angular momentum 

: 7^ = Er [I^aY dr = -2 Jrdr- 

Remark : it is common to have an the converse, with the "real" electro- 
magnetic field purely imaginary. The result here is the consequence of the 
choice of the signature. 

4) The Noether current reads here (equation [91]) : 
Ya = N (an V^p^d^ - taj Zr [^^R ' ^^Ll dr) 
= N {an Ea V"pda - iaj [pAYa 9r) 
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because the bracket is null. So we have a global conservation of the flow 
of current density and magnetic moment which are its real and imaginary 
parts. 

Furthermore equation 1 1 071 reads ((A^det O') V^p) = so the flow 

of the charge current is conserved. 

5) Within the same picture the moments for symmetric states would be: 
a) 

a < 4 : Pa = -era {u^ + v'^) Im [ctlO^) 
a>3: Pa = era^3 (m^ + v'^)Re {(TlO^) 
b) 

Jo = -\ iu' + v') {\an\' + \aL\');r>0:Jr = l (u' + v') er, - la^l') 

Jr = —\ {u^ + v"^) [r]"' \ajif — IctlI^) with Tq = e 

c) 4j) = -2 + v^) Im {aLa]i) 

d) p = 2 + v^) Re {[aL] [i]' [ctr]*) = -2 (u' + v') Im (aLoJi) 

e) [/i/j - PlY = -2Jr 

So the particle has a charge if Im (ctlOr) 7^ 0, this emphasizes the need 
to use of the complexifled of U(l) (with U(l) the charge would be null) 
and of different functions for the right and the left side (we know that the 
electromagnetic fleld is part of the larger electroweak fleld for which chirality 
is crucial). The quantities (ri,r2,r3) give the spatial direction of both the 
angular and the magnetic momentum. It is also the orientation of the would 
be linear momentum, up to a sign. Equation 11091 reads : 

an Im (^^, ^) = 2 Im (a^oi^) (^um + an Eaa Re A^^ 
+(^D Ea ELi (ra (Im [aLO]^) - Re (a^oT?) 

+a,\e la.r - M^) (E., + 2 (im A,)) r, + ([r] [0^) 

with (m^ + v'^) = l 
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CONCLUSION 



Let us sum up the main results : 

1) It is possible to model a system with individually interacting particles, 
with gravitation and other fields, using the modern concepts of physical theory 
(Yan-Mills connections, fiber bundle, Clifford algebra), but standing in the 
classical picture. The principle of least action can be implemented, and the 
constraints on the lagrangian can be met. 

2) It is possible to give a sensible description of gravitation in the general 
connection and tetrad framework, without involving a metric. This opens 
the path to more general solutions than the Levy-Civita connection, that 
would be required if, as it seems, the connection is not torsion free. Moreover 
the calculations are manageable, and can give explicit solutions with respect 
to natural variables (the structure coefficients). 

3) In the simple model we have seen the crucial role of "moments", clearly 
identified with respect to the state tensor and clearly related to basic physical 
concepts. Noether currents supply the conservation equations useful to a 
further study. 

4) The framework used to describe particles and fields provides a good 
basis to study symmetries, and give hints for a better understanding of some 
" paradoxical quantum phenomenon" . 

The main outcome of this paper is probably pedagogical, as it covers a 
great deal of concepts in theoretical physics, using the tools of the trade. But 
beyond this, several issues would be worth of further studies. 

1) Is it possible to implement the machinery in the pure gravitational case 
? So far General Relativity has suffered both from intractable calculations, 
and the metric obsession. It would be immensely useful to have manageable 
models, pertinent for the hottest topics such as the movements of large sys- 
tems (galaxies notably) which are, after all, at the core of the "dark matter 
issue" . 

2) That is good to be able to model the individual movements of particles, 
but of course it is mostly theoretical. So the next step is to introduce some 
probabilistic particles distributions, this should be easy using the initial state 
represented by the f function. In the thermodynamic picture it would be of 
great interest to find a link between the moments and the " function of state" 
of the whole system. 
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3) If this construction makes any sense, does it provide us with a better 
understanding of the fundations of quantum mechanics ? I think so, and it 
will be the topic of a next paper. 

Some last words on more technical issues : 

1) Introduce the velocity in the lagrangian is possible, even in the General 
Relativty picture, and probably mandatory. It clearly enhances the under- 
standing of the interactions, showing the crucial and distinctive role of the 
kinematic and dynamic parts. From this point of view the Dirac operator, as 
essential as it is, is not enough as it emphasizes the first part. The solution 
implemented here can certainly be improved. 

2) Complex fields are mandatory, and they deserve the full treatment, 
even if it is cumbersome. Any shortcut is hazardous. 

3) The issue of the signature of the metric is still open... 
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